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Abstract

The receiver operating characteristic (ROC) curve is used to describe the performance of a diagnostic test
which classifies observations into two groups. We introduce new methods for selecting bandwidths when
computing kernel estimates of ROC curves. Our techniques allow for interaction between the distributions of
each group of observations and give substantial improvement in MISE over other proposed methods, especially
when the two distributions are very different.
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1. Introduction

A receiver operating characteristic (ROC) curve can be used to describe the performance of a
diagnostic test which classifies individuals into either group G; or group G,. For example, G| may
contain individuals with a disease and G, those without the disease. We assume that the diagnostic
test is based on a continuous measurement 7 and that a person is classified as G, if T > 7 and G,
otherwise. Let G(¢) = Pr(T < t|Gy) and F(t) =Pr(T < t|G;) denote the distribution functions of T
for each group. (Thus F is the specificity of the test and 1 — G is the sensitivity of the test.) Then
the ROC curve is defined as R(p)=1— G(F~!(1 — p)) where 0 < p < 1.

Let {Xi,...,X,} and {Y,...,Y,} denote independent random samples from G; and G,, respec-
tively, and let F and G denote their empirical distribution functions. Then a simple estimator of
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R(p)is R(p)=1-— G(E~'(1— p)), although this has the obvious weakness of being a step function
while R(p) is smooth.

Zou et al. (1997) and Lloyd (1998) proposed a smooth kernel estimator of R(p) as follows. Let
K(x) be a continuous density function and L(x) = ffoo K(u)du. The kernel estimators of F' and G
are

- 1 Z’” - X . 1 Z’” ~ Y
i=1 i=1

For the sake of simplicity we have used the same kernel for each distribution, although of course
this is not strictly necessary. The kernel estimator of R(p) is then

R(p)=1-GFE™'(1 - p)).

Qiu and Le (2001) and Peng and Zhou (2003) have discussed estimators alternative to R( p).

Lloyd and Yong (1999) were the first to suggest empirical methods for choosing bandwidths 4,
and h, of appropriate size for R( p). This problem is also considered by Zhou and Harezlak (2002).
However, both of these papers treat the problem as one of estimating / and G separately, rather
than of estimating the ROC function R. We shall show that by adopting the latter approach one
can significantly reduce the surplus of mean squared error over its theoretically minimum level.
This is particularly true in the practically interesting case where F' and G are quite different. In the
present paper we introduce and describe a bandwidth choice method which achieves these levels of
performance.

A related problem, which leads to bandwidths of the correct order but without the correct con-
stants, is that of smoothing in distribution estimation. See, for example, Mielniczuk et al. (1989),
Sarda (1993), Altman and Léger (1995), and Bowman et al. (1998).

2. Methodology
2.1. Optimality criterion and optimal bandwidths

If the tails of the distribution F are much lighter than those of G then the error of an estimator of
F in its tail can produce a relatively large contribution to the error of the corresponding estimator
of G(F~"). As a result, if the L? performance criterion

w(9) = /yE[GA(Fl(p)) —GE () dp @1

for a set & C [0, 1], is not weighted in an appropriate way then choice of the optimal bandwidth in
terms of o(<’) can be driven by relative tail properties of f and g. Formula (A.1) in the appendix
will provide a theoretical illustration of this phenomenon. We suggest that the weight be chosen
equal to f(F~"), so that the L? criterion becomes

WS = L E[G(F(p)) — GEFE(p)PPf(F ' (p))dp. (2.2)
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We shall show in the appendix that for this definition of mean integrated squared error,
wS) ~ B(S) = / | AEF®) = FOFg(0) + EIG() = GOF (0} o, (23)
F-1(¥)

where F~!(.%) denotes the set of points F~!(p) with pc &, Note particularly that the right-hand
side is additive in the mean squared errors E(F — F)? and E(G — G)?, so that in principle 4; and
h, may be chosen individually, rather than together. That is, if 4#; and 4, minimise

Bi(S) = / E[E(t) — FOPP()dt and fo(F) = / E[G() — GO (1) b,
F~1(%) F=Y(Z)

,1(‘

respectively, then they provide asymptotic minimisation of a(.%).
To express optimality we take F~!(.#) equal to the whole real line, obtaining the global criterion
P(h1,ho) = y1(hi, ho) + y2(hy, hy) where

sy ) = / T EE() - FORP()dr and a0, ko)

—00

and

_ / T E[G() — GUOP S0 de. (2.4)

Suppose K is a compactly supported and symmetric probability density, and f” is bounded, con-
tinuous and square-integrable. Then arguments similar to those of Azzalini (1981) show that

EF —FY=m ' [(1 - F)F — i f1+ Gk 1) + o(n " hy + b)),

where = [(1—L(u))L(u) du, ko= [ u? K(u) du. Of course, an analogous formula holds for E(G—G),
and so the formulae at (2.4) admit simple asymptotic approximations:

y=m"! /(1 — F)Fg* + 6, + o(m™'hy + 1),

Yy =n"" /(1 —G)Gf P+, +o(nthy + h‘z‘),

where

1
o = —m_lhﬂc/fgz +5 K3k} /(f’g)2

and
8= —n_lhzx/fzg + % K3h3 /(fg’)z-
The asymptotically optimal bandwidths are therefore
hi=m""Rc(f,g) and hy=n""c(g, f), (2.5)

where

(f.g) = {K / f(u)gz(u)du} / {x% / L) g() du}. (2.6)



184 P.G. Hall, RJ. Hyndman/ Statistics & Probability Letters 64 (2003) 181189
2.2. Normal-reference bandwidth selector

An early, and often very effective, approach to bandwidth selection was to employ the bandwidth
that was asymptotically optimal for a Normal population that had the same scale; the latter might be
measured by the interquartile range or the variance. See, for example, Silverman (1986, pp. 46—48).
Taking the measure of scale to be variance, formulae (2.5) and (2.6) suggest taking & f:m_l/ d(f,9)
and h, = n~'3d(g, f), where

A f.q) = 4\/K oy (o +a)?
9= K5 (02 +207) 2 [af + 020% + 205 (uy — pig)?]

(nr — ng)oy
(aff + 0'5)(20? +02)

X exp

)1/3

and pus and o, and p, and o, denote the mean and variance of the distributions with densities f
and g, respectively. Of course the empirical forms of d(f,g) and d(g, /) use the sample versions
of these moments.

As in the case of conventional density estimation, one can expect the Normal-reference method to
perform well provided f and g are not too distant from Normal. Unimodal, moderately light-tailed
densities are cases in point. However, when at least one of f and g is markedly multimodal an
alternative approach, such as that proposed in the next section, can be necessary.

2.3. Plug-in bandwidth selector

A plug-in rule for choosing 4; and /4, may be developed directly from (2.5) and (2.6). First we
construct an estimator of ¢(f,g), as follows. Write H, H; and H, for new bandwidths, put

. 1 y-1
g-i(ylh) = (n—l)th( ]> .

and let gA2 denote the leave-one-out kernel estimator of g°:

. — Y - 7Y,
o 2 T 5 k(1) 6 (55)

2 1<i) <ia<n

Let f? be the corresponding estimator of (f”)%:

/ ll / x_)(iz
Rt = o 3 3w () ().

1 1<i) < <m

Our estimator of ¢(f,g) is ¢(f,¢), defined by

-1 5 :
ar= () e )
K2 n_llzlgign f%(Yz‘Hl)gA—l(YAHZ)’
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The analogous estimator of c(g, f) is of course defined by switching the roles of the data {X;}
and {Y;}. Empirical versions of /; and %, are obtained by substituting ¢(f,g) and é(g, 1) for ¢(f,g)

and c(g, f) in (2.5).
The question then arises of how to choose the bandwidths H, H, and H, for constructing ¢. The

asymptotically optimal bandwidth H for computing the estimator m~' >, _._ g;\Z(Xi|H ) of [ fg* is

H=n2 (2“1 [ 19+ % ff292>1/5
215( f99" ) ’

where R =n/m, 2y = [ K? and /, = [{[ K(u)K(u + v)du}* do.
The asymptotically optimal bandwidth pair (H;,H,) for computing the estimator
n ' cicn F1YiHY) §-i(Yi|Hy) of [(f'g)* is the minimiser of

J(f 9 (H\, H>)
mnH!H,

(2.8)

B(H,, Ho) = 3 A2 HTIC ) + HI(g, /)Y + (2.9)

where, given smooth functions a; and ay,
) /N2 3
1((11,(12) = /ala1a25 J(alaaZ) = 64 /(al) a)a,,

l//(Hl,Hz) = / K’(ul)K’(uz)K{(uz — ul)Hl/Hz} dul duz.

See Appendix A.2 for an outline derivation of (2.9). Result (2.8) follows via a similar, but simpler,
argument.

However, B(H,,H,) is optimised for H; = 0. So we constrain the optimisation of B such that
o =H\/H, is fixed to the value that is optimal for distribution function estimation (we use the ratio
of bandwidths proposed by Lloyd and Yong, 1999). Then, letting H; = pH,, we obtain

J(f>9)
mny/2rH; (1 + 2p?)32

B(H) = 3 Hy[2p°1(f",9) +1(g, /)’ +

so that the optimal H, is

3J(f.9) )”7
H, = . 2.10
2 <mn\/27r(1 + 222202 (", 9) + (g, )] 210

For both (2.8) and (2.9) it is assumed that m =< n, meaning that m/n is bounded away from zero
and infinity as each increases, that f and g each have three continuous derivatives, and that the
sixth power of each of the first three derivatives is integrable.

The integral functions of f and g in (2.8) and (2.10) are estimated by replacing f and g by
Gaussian densities with means and variances computed from the data. The values of H, H; and H,
obtained from (2.8) and (2.10) are then substituted into (2.7) to obtain an estimate of ¢( f,g) which
is then used to find A;. An analogous procedure is used to find #4;.
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2.4. Combining Normal-reference and plug-in methods

When the Normal-reference method fails it is generally because the density of the sampled dis-
tribution is significantly more complex than its Normal approximation. In particular, the former
usually has two or more modes, and in such cases the optimal bandwidth is generally smaller than
the Normal-reference one. (The larger, Normal-reference bandwidth tends to smooth out peaks and
troughs in a density estimate, and so does not preserve modes particularly well.) On the other hand,
when the sampled distributions are not far from Normal, the Normal-reference bandwidth’s advan-
tage of being substantially less variable than the plug-in rule can be a major asset. In this case it
can deliver better performance.

These considerations also apply to the problem of bandwidth choice for estimating an ROC curve.
They suggest the following rule for combining the Normal-reference and plug-in approaches: let
hy=m="Be(f,g) and hy =n~"3e(g, 1), where

e(f,9) = min[c(f,9),d(f,9)].

3. Some simulations

We compare the estimates obtained with our bandwidth selection method outlined in Section 2.4
to those obtained by Lloyd and Yong (1999) using their plug-in rule. Let

W(p)=EIGE"'(p)) = GF (p)Ff(F'(p)) (3.1

denote mean squared error. Thus, mean integrated squared error, introduced at (2.2), is given by
W)= | o W(p)dp. The ideal but practically unattainable minimum of W(p), for a nonrandom
bandwidth, can be deduced by simulation, and will be denoted by Wy(p). This value will be com-
pared with its analogue, Wi(p), obtained from (3.1) using the combination method described in
Section 2.4. We also compare W,(p) obtained from (3.1) using the values of A4; and /4, chosen
using the plug-in procedure suggested by Lloyd and Yong (1999).

We consider six examples, with = N(0,1) in each case and G taking a variety of unimodal,
bimodal and skewed shapes:

Example 1: G =N(1,1);

Example 2: G =N(2,1);

Example 3: G =N(2,2);

Example 4: G = equal mixture of N(—2,1) and N(2,1);
Example 5: G =a (1/5,4/5) mixture of N(—2,1) and N(2,1);
Example 6: G = equal mixture of N(—1,1) and N(1,1).

Fig. 1 shows D;(p)= Wi(p) — Wo(p) for i =1 and i =2. The areas under the curves are 4;(p) =
| Di(p)dp and represent the increase in o) due to bandwidth selection. Table 1 shows these
values for each example. The table shows that our method performs better than the method of
Lloyd and Yong (in terms of the weighted MISE (%)) for all examples; the figure shows this
improvement holds for almost all values of p (the most notable exception being small values of p
in Example 3).
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Fig. 1. Solid lines: Di(p)= Wi(p) — Wo(p). Dotted lines: D2(p) = Wa(p) — Wo(p).

Table 1

Values of 4;(p)= [ [Wi(p)— Wo(p)ldp for i=1 (Lloyd and Yong’s method) and i =2 (the method described in Section
2.4). These values represent the increase in the weighted mean integrated square error due to bandwidth selection

Example Ai(p) A>(p)
1 0.83 0.24
2 1.10 0.38
3 0.77 0.60
4 1.40 1.20
5 0.97 0.88
6 2.10 1.60

Appendix A.

A.1. Derivation of (2.3)

Assume that f and g have continuous derivatives and are bounded away from 0 on .. Put
A=F —-F,B=G—G and C=F"' — F~!, and write I for the identity function. Then by Taylor

expansion,

I=FF '+ C)=1+AF ")+ CLF ") +o0,(JAF M +|C)),
whence it follows that C = —[A(F~")/f(F~")] + 0,(J4(F~")|). Hence,

GEY—-GWF HY=BF -

g(F")

JE

AF) + 0, (JAF ™D+ [BETH)). (A.T)
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Note the ratio g(F~')/f(F~') on the right-hand side of (A.1). Since the variance of 4 equals
(1 — F)F then the unweighted criterion o, defined at (2.1), can be largely determined by the value
of (g/f)*(1 — F)F in the tails if this quantity is not bounded.

Using instead the weighted criterion o, defined at (2.2), we may deduce from (A.1), related
computations and the independence of the samples that

/"ﬂé@“)—cw”n%U*U=U+nan/‘ [EB)f? + E(AD)g ),
4

F~U(&)

which is equivalent to (2.3).

A.2. Derivation of (2.9)
Put py = 4{m(m — Dn(n — DH{H} ™', py = (m — 1)p1, ps =mpa, pa=(n— 1)ps, m(y) = E[K’

{(v = X)/H\}], ma(y) = EIK{(y — Y)/H2}], i3(y) = ELuu(Y Y K{(Y = y)/H2}], pa = E{p3(Y)},

Y, — X
H

1

M,(i,j) =K' ( > —wm(Y)),  A3() = m(Y;) a(Y)) + ps(Yy) — 2pa,

. Y, —Y;
A2(j1,j2) = m (Y, YK <JIHZJZ) — (Y, )zﬂz(le) — w(Yy,) + wa,

o 55 e (e (e ()

1<i) < <m 1<) <j»<n

Si=2_ D > D Mnj)di(injnK <Yj][_1_2Y]> ;

I1<ip <bb<m1<j| <j»<n

ZZZ Z A6, j)m (Y, )K( . )’ Z Z A2(J1J2)

i=1 1<j1 <ja<n I<ji <j2<

and Sy = Zj A5(j). In this notation,

§= n_lz FHYi|Hy) §—i(Yi|Hy) = E(S) + p1Si + 2025 + p3S3 + paSa.

i=1

The variables Si,...,S; each have zero mean, and E(S;S;) =0 for i # j. Therefore,
Var S = p? Var Sy + 4p3 Var S, + p3 Var S + p3 Var S,. (A.2)

Assume m =< n, Hy < H, =< H (say), nH> — 0 and nH> — oo. Put ¢ = (n*h*)~!. Lengthy
algebraic arguments show that E(p1S;)? + E(p3S3)* = o(¢&),

G J(f gW(H,, Hy)

2 —
AE(pa$:) = — + LT +0(&)
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and E(p4S4)> =n~'Cy + o(¢), where C;,C, > 0 depend only on f and g. Combining these results
with (A.2) we deduce that

J(f,9)W(H, Hy)
mnleHz

VarS =Cim™' + Con™ ' + + o(&). (A3)

More simply, defining 7 = [(f’g)* it may be shown that
1
E(S) =T =5 10{2H1(f',9) + H31(g. )} + oH?), (A4)

Adding (A.3) and the square of (A.4) we deduce that, up to terms that either do not depend on H,
or H, or are of second order, E(S — T)? equals B(H,,H,) defined at (2.9). Furthermore, the values
of H, and H, that result from minimising B(H,,H,) are both of size n~%7, from which it follows
that E(S — T)> = Cym™' + Con~' + O(n~¥7). This establishes root-n consistency of our estimator,
S, of T, in the sense of L, convergence.

References

Altman, N., Léger, C., 1995. Bandwidth selection for kernel distribution function estimation. J. Statist. Plann. Inference
46, 195-214.

Azzalini, A., 1981. A note on the estimation of a distribution function and quantiles by a kernel method. Biometrika 68,
326-328.

Bowman, A.W., Hall, P., Prvan, T., 1998. Cross-validation for the smoothing of distribution functions. Biometrika 85,
799-808.

Lloyd, C.J., 1998. The use of smoothed ROC curves to summarise and compare diagnostic systems. J. Amer. Statist.
Assoc. 93, 1356-1364.

Lloyd, CJ., Yong, Z., 1999. Kernel estimators of the ROC curve are better than empirical. Statist. Probab. Lett. 44,
221-228.

Mielniczuk, J., Sarda, P., Vieu, P., 1989. Local data-driven bandwidth choice for density estimation. J. Statist. Plann.
Inference 23, 53-69.

Peng, L., Zhou, X.-H., 2003. Local linear smoothing of receiver operator characteristic (ROC) curves. J. Statist. Plann.
Inference, in press.

Qiu, P, Le, C., 2001. ROC curve estimation based on local smoothing. J. Statist. Comput. Simulation 70, 55-69.

Sarda, P., 1993. Smoothing parameter selection for smooth distribution functions. J. Statist. Plann. Inference 35, 65-75.

Silverman, B.W., 1986. Density Estimation for Statistics and Data Analysis. Chapman & Hall, London.

Zou, K.H., Hall, W.J., Shapiro, D.E., 1997. Smooth non-parametric receiver operating characteristic (ROC) curves for
continuous diagnostic tests. Statist. Med. 16, 2143-2156.

Zhou, X.-H., Harezlak, J., 2002. Comparison of bandwidth selection methods for kernel smoothing of ROC curves. Statist.
Med. 21, 2045-2055.



	Improved methods for bandwidth selection when estimating ROC curves
	Introduction
	Methodology
	Optimality criterion and optimal bandwidths
	Normal-reference bandwidth selector
	Plug-in bandwidth selector
	Combining Normal-reference and plug-in methods

	Some simulations
	Appendix A. 
	Derivation of (2.3)
	Derivation of (2.9)

	References


