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Abstract

This thesis considers continuous time autoregressive processes defined by

stochastic differential equations and develops some methods for modelling time

series data by such processes.

The first part of the thesis looks at continuous time linear autoregressive

(CAR) processes defined by linear stochastic differential equations. These

processes are well-understood and there is a large body of literature devoted

to their study. I summarise some of the relevant material and develop some

further results. In particular, I propose a new and very fast method of esti-

mation using an approach analogous to the Yule–Walker estimates for discrete

time autoregressive processes. The models so estimated may be used for pre-

liminary analysis of the appropriate model structure and as a starting point

for maximum likelihood estimation.

A natural extension of CAR processes is the class of continuous time threshold

autoregressive (CTAR) processes defined by piecewise linear stochastic differ-

ential equations. Very little attention has been given to these processes with

a few isolated papers in the engineering and probability literature over the

past 30 years and some recent publications by Tong and Yeung (summarised

in Tong, 1990). I consider the order one case in detail and derive conditions

for stationarity, equations for the stationary density, equations for the first two

moments and discuss various approximating Markov chains. Higher order pro-

cesses are also discussed and several approaches to estimation and forecasting

are developed.

Both CAR and CTAR models are fitted to several real data sets and the results
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are compared. A rule-based procedure is suggested for fitting these models to

a given time series.

One difficulty with using non-linear models (such as CTAR models) is that

the forecast densities are not Gaussian, not symmetric and often multi-modal.

Therefore, it is inappropriate to just consider the mean and standard devia-

tion of forecasts. It is argued that for non-Gaussian forecast densities, highest

density regions should be used when describing forecasts. An algorithm which

enables the rapid construction of highest density regions given a probability

density function is developed. The methods described are applicable to uni-

variate data with a continuous density containing any number of local modes.

The density may be known analytically or may be estimated from observations

or simulations. Code for the algorithm is provided in the C language.
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Chapter 1

INTRODUCTION

Traditionally, time series analysis has been concerned with discrete time linear

models. However, the twin assumptions of discrete time and linearity often

limit the effectiveness of the model in describing the underlying process.

The strait-jacket of linearity prevents the models capturing such commonly oc-

curring phenomena as asymmetric but periodic behaviour, time-irreversibility,

non-Gaussian marginal distributions and the occurrence of occasional bursts of

outlying observations. Linear models are popular because they lead to elegant

mathematics and fast algorithms, but they are not realistic descriptions of the

world. Real data are frequently non-linear.

The importance of non-linear models in time series analysis has been recognised

increasingly over the past ten years. A number of discrete time non-linear pro-

cesses have been introduced and found valuable for the modelling of observed

series. Among these processes are the discrete time threshold models discussed

extensively in the books of Howell Tong (1983, 1990). It was Tong’s threshold

models that motivated the idea of continuous time threshold autoregressive
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models developed in this thesis.

The restriction to a discrete time perspective often masks the inherent con-

tinuity of the underlying process. For example, many physical processes are

inherently continuous and observed at discrete time points. Economic data are

often the result of large numbers of microeconomic decisions taken at many

different times and so may be considered as continuous time series. Frequently

data are observed at irregularly spaced intervals; time series with missing val-

ues may be considered in this context. In each of these cases, the underlying

process from which observations are taken may be considered a function in

continuous time.

This thesis considers time series models in which the restrictions to discrete

time and linearity are dropped.

1.1 Discrete Time Threshold Models

Before describing a continuous time threshold autoregressive model, it is ap-

propriate to briefly mention the discrete time threshold model which led to the

development of the models in this thesis.

A discrete-time self-exciting threshold autoregressive (SETAR) process {Xt}

with delay parameter d is a solution of the equations

Xt =
p∑
j=1

ai,jXt−j + bi + σiet, ri−1 ≤ Xt−d < ri, (1.1.1)

where t = 0,±1,±2, · · · and i = 1, · · · , l. The delay parameter, d, is a positive

integer and {et} is a white noise sequence with unit variance.
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Thus, the real line is partitioned into l regimes and Xt satisfies one of l autore-

gressive equations depending on the regime in which Xt−d falls. When l = 1,

{Xt} is a linear autoregressive process.

The autoregressive order p may be allowed to differ between regimes by simply

letting pi be the order in regime i and setting ai,j = 0 for all j > pi. Then

p = max
i
pi.

This non-linear time series model was proposed by Tong (1978) and is discussed

in detail by Tong (1990). It is capable of reproducing features which are

frequently observed in naturally occurring time series but which cannot be

captured with linear models.

Owing to the difficulty of analysing non-linear difference equations, theoretical

results for the general SETAR process are far from complete. However, nec-

essary and sufficient conditions for existence of a stationary solution of (1.1.1)

have been derived by Chan et al. (1985) for the case p = 1 and d = 1. Similar

conditions for the case p = 1 and l = 2 are given by Chen and Tsay (1991).

Tests for the appropriateness or otherwise of linear models are available; for a

survey and comparison of current methods, see Petruccelli (1990). Identifica-

tion and estimation has also been the subject of several papers; for example,

Tsay (1989) and Davies, Pemberton and Petruccelli (1988). The computer

package STAR of Tong (1990) can be used for testing and fitting discrete time

threshold models with up to three thresholds.
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1.2 Continuous Time Threshold Models

There are several good reasons for investigating continuous time analogues of

(1.1.1). For a continuously evolving process observed at discrete time intervals

it is natural to allow the possibility of a threshold crossing at any time. Fur-

thermore, the process should be allowed to switch between regimes any number

of times between successive observations. It would also be useful to allow a

delay parameter, d, which is not necessarily a positive integer multiple of the

observation spacing. The case d = 0 seems to be of particular importance since

for many naturally occurring continuous processes, their future depends only

the current state of the process. Yet discrete time threshold models require

d > 0. In this thesis, I shall restrict myself to this case of zero delay.

Of course, the advantages generally associated with continuous time models are

also associated with continuous time threshold autoregressive models. That

is, they may be used to model irregularly spaced data and are particularly

appropriate for modelling time series based on an underlying process that is

inherently continuous.

The CTAR processes described here are analogous to the SETAR processes

with the stochastic piecewise linear difference equations replaced by stochastic

piecewise linear differential equations. Thus, they may be written as

X(p)(t) + αp−1,iX
(p−1)(t) + · · ·+ α0,iX(t) + βi = σiZ(t), ri−1 < X(t) < ri,

where −∞ < t < ∞, i = 1, . . . , l, −∞ = r0 < r1 < · · · < rl = ∞, {X(t)}

denotes the time series, X(j)(t) denotes the jth derivative of X(t) and {Z(t)}

denotes continuous time Gaussian white noise.
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As we shall see, the analysis of continuous time threshold autoregressive mod-

els can be reduced to the study of diffusion processes with piecewise linear

coefficients. In this context, CTAR processes were the subject of a few iso-

lated papers in the engineering and probability literature during the 1960s,

namely Khazen (1961), Atkinson (1967) and Atkinson and Caughey (1968).

CTAR processes are special cases of more general stochastic differential equa-

tions and diffusion processes. Several authors have considered general diffu-

sion processes with discontinuous drift coefficient; for example, Stroock and

Varadhan (1969), Zvonkin (1974), Conway (1971, 1972) and Lebedev (1976,

1978). However, the results developed by these authors require a continuous

dispersion coefficient and so they are not generally applicable to CTAR pro-

cesses. Diffusions with discontinuous dispersion coefficient do not seem to be

well-understood.

In the time series literature, Yeung (1989), Tong (1990) and Tong and Yeung

(1990, 1991) have considered CTAR processes. They have developed tests of

threshold-type non-linearity and have suggested a method of estimation. I

shall compare their estimation method with the one developed in Chapter 5.

1.3 Summary of Contents

Continuous time linear autoregressive (CAR) processes are discussed in Chap-

ter 2. In this case, there is just one regime (l = 1) and so the parameters are

constant. There is a large body of literature concerning such processes and

most of this chapter is a summary of well-known results. However, the empha-

sis on the derivative covariance function in Sections 2.3 and 2.4 is a different
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perspective from that usually presented and leads to the development of a new

method of estimation in the following chapter.

In Chapter 3, I consider the problem of estimating CAR models from a time

series of observations. In particular, I propose a new and very fast method

of estimation using an approach analogous to the Yule–Walker estimates for

discrete time autoregressive processes. The models so estimated may be used

for preliminary analysis of the appropriate model structure and as a starting

point for maximum likelihood estimation (Jones, 1981). A modelling strategy

incorporating these ideas is outlined at the end of Chapter 3.

In Chapter 4, I consider the CTAR process with p = 1 in detail and derive

conditions for stationarity. It is shown that the stationary distributions, mo-

ments and conditional expectations can be computed from the forward and

backward Kolmogorov equations with appropriate boundary conditions. It

turns out that the boundary conditions at the thresholds are crucial to the

definition and properties of the process. Three different boundary conditions

are considered and the properties of the associated processes are discussed. A

useful approach to CTAR processes is via approximating discrete time Markov

chains. It is shown that different Markov chains implicitly determine different

boundary conditions.

Higher order CTAR processes are discussed in Chapter 5, although in con-

siderably less detail than processes of order one. Difficulties with rigorously

defining the process are discussed and it is shown how the conditional moments

of the forecast density can be computed.

Chapter 6 develops several approaches to estimation and forecasting. These
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are compared to the approach developed by Tong and Yeung. Several simu-

lated and real data sets are used to compare the estimation methods and to

compare the fitted CTAR models with linear CAR models. The modelling

strategy outlined at the end of Chapter 3 for fitting CAR models is extended

to incorporate CTAR models.

One difficulty with forecasting CTAR models is that the forecast densities are

not Gaussian, not symmetric and may be multi-modal. Therefore, it is inap-

propriate to just consider the mean and standard deviation of forecasts. In

Chapter 6, it is argued that for non-Gaussian forecast densities, it is appro-

priate to use highest density regions when describing forecasts. An algorithm

which enables the rapid construction of highest density regions given a prob-

ability density function is described in Chapter 7. The methods described are

applicable to univariate data with a continuous density containing any number

of local modes. The density may be known analytically or may be estimated

from observations or simulations. A C version of the algorithm is also provided.



Chapter 2

CONTINUOUS TIME LINEAR
AUTOREGRESSIVE PROCESSES

In this chapter, I investigate continuous time linear autoregressive (CAR) pro-

cesses and develop the requisite theory that will be used in Chapter 3 for

deriving methods for estimating these models.

The definition of a CAR process is discussed in Section 2.1 and the connec-

tion between these and diffusion processes is emphasised. This connection

is important in the development of boundary conditions for threshold mod-

els. Conditions for stationarity are discussed in Section 2.2 and the results

from this discussion will be used in investigating the stationarity of estimators

introduced in later chapters.

Sections 2.3 and 2.4 present a somewhat different perspective from that nor-

mally presented in continuous time series analysis. The autocovariance and

derivative covariance functions are introduced in Section 2.3 and some of their

properties are developed. Yule–Walker type equations are derived for CAR

models in Section 2.4. These will be fundamental in developing new estima-

8
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tors for continuous time autoregressive models.

Finally, Section 2.5 discusses the nature of the process formed by observations

of a CAR(p) process taken at regular intervals.

2.1 Definition of a CAR Process

A continuous time autoregressive process of order p and mean −β/α0 may be

represented by the equation

X(p)(t)+αp−1X
(p−1)(t)+· · ·+α0X(t)+β = σZ(t), −∞ < t <∞, (2.1.1)

where {Z(t)} denotes continuous time Gaussian white noise. Of course, {Z(t)}

does not exist as a stochastic process in the usual sense and so this is not a

rigorous definition of a CAR process. Nevertheless, it is a useful description

and is intuitively appealing. A rigorous definition of a CAR process is given

below.

2.1.1 CAR(1) processes

Define a linear, continuous time autoregressive process of order one (denoted

by CAR(1)) to be a stationary solution of the stochastic differential equation

dX(t) + α0X(t)dt+ βdt = σdW (t), t ≥ 0, (2.1.2)

where {W (t)} denotes standard Brownian motion, X(0)
d
= N

(
− β
α0
, σ

2

2α0

)
, α0 >

0 and σ > 0. Under these conditions, this equation has the unique stationary
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solution

X(t) = e−α0tX(0)− β

α0

[
1− e−α0t

]
+ σ

∫ t

0
e−α0(t−y)dW (y).

Equivalently, a CAR(1) process can be defined as a stationary diffusion process

with drift coefficient µ(x) = −α0x − β and diffusion coefficient Σ(x) = σ2/2.

If β = 0, this is a stationary Ornstein–Uhlenbeck process. The generator of

this diffusion process is defined for functions on IR with bounded continuous

second derivatives by

Gf(x) = µ(x)f ′(x) + Σ(x)f ′′(x).

For inference, we shall use the functions

m(x, t) := E(X(t)|X(0) = x) = e−α0tx− β

α0

[
1− e−α0t

]
,

m2(x, t) := E(X2(t)|X(0) = x)

and v(x, t) := m2(x, t)−m2(x, t) = σ2
∫ t

0
e−2α0(t−u)du =

σ2

2α0

[
1− e−2α0t

]
.

2.1.2 CAR(p) processes

In order to define a CAR(p) process rigorously, it is convenient to introduce the

p-variate process S(t) :=
[
X(t), X(1)(t), · · · , X(p−1)(t)

]T
satisfying the stochas-

tic differential equation,

dS(t) = AS(t)dt− βbdt+ σbdW (t), t ≥ 0, (2.1.3)
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where {W (t)} denotes standard Brownian motion, σ > 0,

A =



0 1 0 · · · 0

0 0 1
. . .

...

...
...

. . . . . . 0

0 0 · · · 0 1

−α0 −α1 · · · · · · −αp−1


, b =



0

0

...

0

1


and

S(0)
d
= N

(
− β

α0

a , σ2
∫ ∞

0
eAubbT eA

Tudu

)
(2.1.4)

is independent of {W (s), s ≥ 0}. Here a = [1, 0, . . . , 0]T .

Then {X(t)} is stationary if and only if all the eigenvalues of A have negative

real parts (Arató, 1982, pp.118–119). Under this stationarity condition, {X(t)}

is defined to be a CAR(p) process.

Equation (2.1.1) should be regarded as a formal representation of the well-

defined Itô differential equation (2.1.3).

The solution of (2.1.3) is the Itô integral

S(t) = eAtS(0) + σ
∫ t

0
eA(t−y)bdW (y)− β

∫ t

0
eA(t−y)bdy. (2.1.5)

The CAR(p) process {X(t)} can also be specified as the first component of

the stationary multivariate diffusion process {S(t)} with drift coefficient vec-

tor µ(x) = Ax − βb and diffusion coefficient matrix Σ(x) = σ2bbT/2. The



CHAPTER 2. CONTINUOUS TIME LINEAR AUTOREGRESSIVE PROCESSES 12
2.1. Definition of a CAR Process

generator of S(t) satisfies

Gf(x)

= Σ(x)
d2f

dxdxT
+ µT (x)

df

dx

=
σ2

2

∂2f

∂x2
p

− α0x1
∂f

∂xp
− · · · − αp−1xp

∂f

∂xp
− β ∂f

∂xp
+ xp

∂f

∂xp−1

+ · · ·+ x2
∂f

∂x1

for all twice continuously differentiable functions f on IRp such that each term

on the right is bounded.

I shall denote the mean-corrected process by S∗(t) = S(t) + β
α0
a. The com-

ponents of S∗(t) shall be denoted by X
(j)
∗ (t), 0 ≤ j ≤ p − 1. Note that S∗(t)

satisfies the state space equations

dS∗(t) = AS(t)dt+ σbdW (t), t ≥ 0

and X∗(t) = aTS∗(t).

As for CAR(1) processes, it will be useful to define the functions

m(x, t) := E(X(t)|S(0) = x) = aT
[
eAtx− β

∫ t

0
eA(t−u)bdu

]
, (2.1.6)

m2(x, t) := E(X2(t)|S(0) = x) (2.1.7)

and v(x, t) := m2(x, t)−m2(x, t) = aT
[
σ2
∫ t

0
eA(t−u)bbT eA

T (t−u)du
]
a.

(2.1.8)

2.1.3 Existence of stochastic derivatives

Some general results for stochastic differential equations (see, for example,

Jazwinski, 1970, p.111) may be applied to {X(t)} to obtain the following
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important results:

1. {X(j)(t)} is mean square continuous for j = 0, 1, · · · , p−1 and mean square

differentiable for j = 0, 1, · · · , p− 2;

2. {X(p−1)(t)} is not mean square differentiable;

3. {X(j)(t)} is equivalent to a process with almost all sample functions con-

tinuous for j = 0, 1, · · · , p − 1. Hence {X(t)} is equivalent to a process

with almost all sample functions possessing continuous derivatives up to

order p− 1.

4. X(j)(t) is normally distributed for j = 0, 1, · · · , p− 1 and for each t.

2.2 Conditions for Stationarity

The eigenvalues of A are simply the roots of the characteristic equation

C(z) =
p∑
j=0

αjz
j = 0, where αp = 1.

Thus, for stationarity, we require that Re(λ) < 0, for each root λ of C(z).

For p = 1 and p = 2 the characteristic roots have negative real parts if and

only if all coefficients are positive. In fact, the positivity of the coefficients is a

sufficient condition for stationarity for all p. This result follows from the next

theorem which has been adapted from Kaplan (1962).

Theorem 2.2.1 Let φn(s) = p0 + p1s+ · · ·+ pns
n where each pi is real and

all the roots of φn(s) have negative real parts. Then the coefficients pi all have

the same sign.
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Proof: We shall prove the result by induction. Suppose pn > 0. (If pn < 0,

simply multiply the polynomial by −1.) Then we need to show that pi > 0,

i = 0, 1, . . . , n− 1.

Now let n = 1 and let s∗ be a root of φ1(s). Then φ1(s∗) = p0 + p1s
∗ = 0 so

that p0 = −p1s
∗ > 0 since s∗ < 0 and p1 > 0. So the theorem is true for n = 1.

Now suppose the theorem is true for n = k.

If φk+1(s) has a real root s∗, then φk+1(s) = pk+1(s − s∗)ξ(s) where pk+1 > 0

and ξ(s) is a monic polynomial of degree k. Now s∗ < 0 by assumption and

ξ(s) has roots with negative real parts. Hence, by induction, ξ(s) has positive

coefficients. Thus, φk+1(s) is a product of factors with positive coefficients and

so, itself, has positive coefficients.

If φk+1(s) has no real root, it has a pair of conjugate complex roots α ± βi

with α < 0. So

φk+1(s) = pk+1(s− α− βi)(s− α + βi)ξ(s)

= pk+1(s2 − 2αs+ α2 + β2)ξ(s)

where ξ(s) is a monic polynomial of degree k. Since α < 0, all factors have

positive coefficients and so φk+1(s) has positive coefficients.

Thus, the theorem is true for k + 1. Hence, by induction, the theorem is true

for all n ≥ 1.

2

Other useful tests for stationarity are obtained via the Routh–Hurwitz and

Liénard–Chipart criteria
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Theorem 2.2.2 Let φn(s) = p0 + p1s+ · · ·+ pns
n where each pi is real and

pn > 0, and define the determinants

∆1 = pn−1 ∆2 =

∣∣∣∣∣∣∣∣
pn−1 pn

pn−3 pn−2

∣∣∣∣∣∣∣∣ ∆3 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

pn−1 pn 0

pn−3 pn−2 pn−1

pn−5 pn−4 pn−3

∣∣∣∣∣∣∣∣∣∣∣∣∣

· · · ∆k =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

pn−1 pn 0 0 0 · · · 0

pn−3 pn−2 pn−1 pn 0 · · · 0

...
...

...

p2k−1 p2k−2 · · · · · · · · · · · · pk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
· · ·

where k ≤ p and pi = 0 for i < 0 and i > n. Then each of the following sets

of conditions is necessary and sufficient for all the roots of φn(s) to lie in the

half plane Re(s) < 0.

1. ∆1,∆2, · · · ,∆n are all positive;

2. pn > 0, p0 > 0, p2 > 0, . . . ; ∆1 > 0, ∆3 > 0, . . . ;

3. pn > 0, p0 > 0, p2 > 0, . . . ; ∆2 > 0, ∆4 > 0, . . . ;

4. pn > 0, p0 > 0, p1 > 0, p3 > 0, . . . ; ∆1 > 0, ∆3 > 0, . . . ;

5. pn > 0, p0 > 0, p1 > 0, p3 > 0, . . . ; ∆2 > 0, ∆4 > 0, . . . .

The first of these is due to Routh (1877, 1905) and Hurwitz (1895), the others

to Liénard and Chipart (1914). For discussion and proofs of these results, see

Kaplan (1962, pp.408–413) and Gantmacher (1960, pp221f).

Applying the preceding results to linear CAR(p) processes yields a variety of

statements about stationarity that involve conditions on the model coefficients.
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Corollary 2.2.3 Let S(t) satisfy (2.1.3) and (2.1.4), and let X(t) be the

first component of S(t). Then

1. X(t) is a stationary process if each αj > 0, j = 0, 1, · · · , p− 1;

2. X(t) is a stationary process if and only if one of the following is true

a) ∆j > 0, j = 1, 2, . . . , p;

b) α0 > 0, α2 > 0, α4 > 0, . . . ; ∆1 > 0, ∆3 > 0, . . . ;

c) α0 > 0, α2 > 0, α4 > 0, . . . ; ∆2 > 0, ∆4 > 0, . . . ;

d) α0 > 0, α1 > 0, α3 > 0, . . . ; ∆1 > 0, ∆3 > 0, . . . ;

e) α0 > 0, α1 > 0, α3 > 0, . . . ; ∆2 > 0, ∆4 > 0, . . . .

Corollary 2.2.4 For the cases 1 ≤ p ≤ 4, the following conditions are

necessary and sufficient for a stationary solution of (2.1.3) and (2.1.4) to

exist.

p = 1 α0 > 0;

p = 2 α0 > 0 and α1 > 0;

p = 3 α0 > 0, α2 > 0 and α1α2 − α0 > 0;

p = 4 α0 > 0, α1 > 0, α3 > 0, α1α2α3 − α0α
2
3 − α2

1 > 0.

2.3 Covariance Functions

2.3.1 The autocovariance function

Let γ(h) = Cov [X(t+ h), X(t)] denote the autocovariance function (ACVF)

of the CAR(p) process {X(t)} and let f(ω) denote the corresponding spectral
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density function. Then, following Doob (1953, p.543), we obtain

f(ω) =
σ2

2π

∣∣∣∣∣ p∑j=0
αj(iω)j

∣∣∣∣∣
2 − π < ω < π (2.3.1)

and

γ(h) =
∫ ∞
−∞

eihωf(ω)dω.

Now let C(z) =
p∑
j=0

αjz
j = 0 with αp = 1 have q distinct roots λ1, · · · , λq where

λi has multiplicity mi. Using contour integration, Doob (1953, p.543) showed

that

γ(h) = σ2
q∑
i=1

ci(h)eλi|h| (2.3.2)

where ci(h) is a polynomial in h of order mi. Where all the roots are distinct

(mi = 1, ∀i), Jones (1981) gives

ci(h) =

−2Re(λi)
p∏
l=1
l 6=i

(λl − λi)(λ̄l + λi)


−1

where λ̄l denotes the complex conjugate of λl.

2.3.2 The derivative covariance function

The autocovariance function has proved useful in analysing discrete-time pro-

cesses. Therefore, with continuous-time processes, it may be useful to define

an analogous function replacing X(t−j) by X(j)(t). We shall call this function

the derivative covariance function or DCVF.
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Definition 2.1 The derivative covariance function is defined as

Dj,k(h) := Cov
[
X(j)(t+ h), X(k)(t)

]
, 0 ≤ j, k ≤ p− 1 (2.3.3)

Some properties of Dj,k(h) follow immediately from its definition.

1 D0,0(h) = γ(h);

2 In general, Dj,k(h) 6= Dj,k(−h);

3 Dj,k(h) = Dk,j(−h);

The following theorem shows that the DCVF is closely related to the ACVF.

The first part of this theorem is also proved by Ash and Gardner (1975, pp.263–

264).

Theorem 2.3.1 If {X(t)} is a CAR(p) process, then, for h ≥ 0 and 0 ≤

j, k ≤ p− 1,

Dj,k(h) = (−1)kγ(j+k)(h) (2.3.4)

and Dj,k(−h) = (−1)j+kDj,k(h) = (−1)jγ(j+k)(h) (2.3.5)

where γ(j+k)(h) denotes the (j + k)th derivative of γ(·) at h.

Proof: I shall use proof by induction. Equation (2.3.4) is true for j = k = 0

by definition. Assume it is for j = m < p − 1 and k = n < p − 1. Then

d
dh
Dm,n(h) = (−1)nγ(m+n+1)(h). Now,

d

dh
Dj,k(h) =

d

dh
E
[
X(j)(t+ h)X(k)(t)

]
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= E
[
X(j+1)(t+ h)X(k)(t)

]
using Prabhu’s (1965) Theorem

1.5, and the fact that X(t) is j+1

times differentiable

= Dj+1,k(h).

Similarly,

d

dh
Dj,k(h) = −Dj,k+1(h).

Hence,

Dm+1,n(h) = (−1)nγ(m+n+1)(h)

Dm,n+1(h) = (−1)n+1γ(m+n+1)(h).

So by induction, (2.3.4) is true for all j, k ≤ p − 1. The second equation is

obtained using the relation Dj,k(h) = Dk,j(−h).

2

This result may be extended by defining Dj,p(h) using the Itô integrals

Dj,p(h) := lim
T→∞

1

T

∫ T

0
X(j)
∗ (t+ h) d

[
X(p−1)
∗ (t)

]
(2.3.6)

where the limit exists in the sense of mean square convergence. Then Dj,p(h) =

−Dj+1,p−1(h) = (−1)pγ(j+p)(h), j ≤ p − 2. Similarly, for h 6= 0, Dp−1,p(h) =

(−1)pγ(2p−1)(h).

Difficulties arise with Dp−1,p(0) since γ(2p−2)(h) is not differentiable at h = 0

(Doob, 1953, p.544). For example, in the case p = 1, the autocovariance

function is γ(h) = σ2

2α0
e−α0|h| and so the first derivative is not defined in the

usual sense at h = 0. This reflects the fact that in this case, {X(t)} is not

mean-square differentiable.
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Nevertheless, Itô’s formula provides a method of calculating Dp−1,p(0). De-

fine Y [S∗(t), t] = 1
2

[
bTS∗(t)

]2
where b = [0, · · · , 0, 1]T . Then Y [S∗(t), t] =

1
2

[
X

(p−1)
∗ (t)

]2
. Using the multi-dimensional Itô formula (Øksendal, 1989,

p.33),

dY [S∗(t), t] = X(p−1)
∗ (t) d

[
X(p−1)
∗ (t)

]
+
σ2

2
dt.

So

1

T

∫ T

0
X(p−1)
∗ (t) d

[
X(p−1)
∗ (t)

]
=

1

T
{Y [S∗(T ), T ]− Y [S∗(0), 0]} − σ2

2

=
1

2T

{
X(p−1)
∗ (T )2 −X(p−1)

∗ (0)2
}
− σ2

2
.

Thus, using (2.3.6),

Dp−1,p(0) =
−σ2

2
(2.3.7)

which is the right derivative of −Dp−1,p−1(h) at h = 0 (Doob, 1953, p.544).

Lemma 2.3.2 If {X(t)} is a CAR(p) process then, for 0 ≤ j, k ≤ p− 1,

Dj,k(0) = 0 if j + k is odd;

sign(Dj,k(0)) = (−1)(3k+j)/2 if j + k is even.

Proof: Now Dj,k(0) = Dk,j(0) by definition. Therefore, from Theorem 2.3.1,

(−1)kγ(j+k)(0) = (−1)jγ(j+k)(0). So, if j + k is odd, then (−1)j 6= (−1)k and

γ(j+k)(0) = 0. Hence, using Theorem 2.3.1 again, we obtain the first equation.

For even n where n ≤ 2p − 2, γ(n)(0) = (−1)n/2Var
(
X(n/2)(t)

)
, and so

sign(γ(n)(0)) = (−1)n/2. In particular, sign(γ(j+k)(0)) = (−1)(j+k)/2 if j + k
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is even. Hence, from Theorem 2.3.1, sign(Dj,k(0)) = (−1)k(−1)(j+k)/2 =

(−1)(3k+j)/2.

2

2.3.3 Covariance matrix

Let Γp(h) = Cov [S(t),S(t− h)] denote the autocovariance function of the

stationary p-variate process {S(t)} which has jth component X(j−1)(t), j =

1, · · · , p. Then the (j, k)th element of Γp(h) is Dj−1,k−1(h). Hence, for h ≥ 0,

Γp(h) =



γ(0)(h) −γ(1)(h) · · · (−1)p−1γ(p−1)(h)

γ(1)(h) −γ(2)(h) · · · (−1)p−1γ(p)(h)

...
...

...

γ(p−1)(h) −γ(p)(h) · · · (−1)p−1γ(2p−2)(h)



and Γp(−h) = ΓTp (h) using Theorem 2.3.1. Note that in the case h = 0 every

second element of this matrix is zero according to Lemma 2.3.2.

Multiplying both sides of (2.1.3) by ST∗ (t − h) and taking expectations, we

obtain

dΓp(h) = AΓp(h)dh. (2.3.8)

Thus, using (2.1.4),

Γp(h) = eAhΓp(0) = σ2
∫ ∞

0
eA(u+h)bbT eA

Tudu. (2.3.9)

Theorem 2.3.3 If {X(t)} is a CAR(p) process, then Γp(0) is strictly positive

definite.
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Proof: Γp(0) is non-negative definite since it is a covariance matrix. It

remains to show that cTΓp(0)c 6= 0 for any c 6= 0.

Suppose there exists c 6= 0 such that cTΓp(0)c = 0. Then, from (2.3.9),

cTΓp(0)c = σ2
∫ ∞

0
cT e−AubbT e−A

Tuc du = 0

which means that cT e−Aub = 0 for all u ≥ 0. But, there exists a u ≥ 0 such

that e−Aub = c, and for this u, cT e−Aub = cTc > 0 since c 6= 0. Hence, the

assumption leads to a contradiction.

2

A corollary of this theorem is that |Γp(0)| > 0. Evaluating |Γp(0)| leads to

restrictions on γ(k)(0). For p = 1 and p = 2, these restrictions are trivial and

may be obtained from Lemma 2.3.2. The restrictions for p = 3 and p = 4 are:

p = 3
(
γ(0)(0)γ(4)(0)−

[
γ(2)(0)

]2)
> 0; and

p = 4
(
γ(0)(0)γ(4)(0)−

[
γ(2)(0)

]2)(
γ(2)(0)γ(6)(0)−

[
γ(4)(0)

]2)
> 0.

2.4 Yule–Walker Equations for CAR Processes

Let {X(t)} be the CAR(p) process defined by (2.1.3) and (2.1.4). Then, mul-

tiplying equation (2.1.1) by X
(j)
∗ (t+ h) and taking expectations gives

α0Dj,0(h) + α1Dj,1(h) + · · ·+ αpDj,p(h) = 0 j = 0, 1, . . . , p− 1. (2.4.1)

These are the Yule–Walker equations for CAR processes. They are analogous

to the traditional discrete time Yule–Walker equations which can be obtained

in a similar way replacing X(j)(t) by X(t− j) and letting h = 0.
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Let h ≥ 0. Then substituting (−1)kγ(j+k)(h) for Dj,k(h) into (2.4.1) gives

(−1)pγ(j+p)(h) + (−1)p−1αp−1γ
(j+p−1)(h) + · · ·+ α0γ

(j)(h) = 0 h ≥ 0

(2.4.2)

where j = 0, 1, · · · , p− 1 and γ(2p−1)(0) is to be interpreted as the right deriva-

tive of γ(2p−2)(h) at h = 0.

Similarly, for h ≤ 0, substitute (−1)jγ(j+k)(−h) for Dj,k(h) into (2.4.1) to

obtain

γ(j+p)(h) + αp−1γ
(j+p−1)(h) + · · ·+ α0γ

(j)(h) = 0 h ≥ 0. (2.4.3)

Note that these equations are also obtained from the last row of (2.3.8).

It will be convenient to write (2.4.2) in the matrix form

Γp(h)α+ γp(h) = 0 (2.4.4)

where

γp(h) = (−1)p
[
γ(p)(h), γ(p+1)(h), · · · , γ(2p−1)(h)

]T
and α = [α0, α1, · · · , αp−1]T .

Note that Γp(0) is non-singular by Theorem 2.3.3. So, for h = 0 we may write

α = −Γ−1
p (0)γp(0). (2.4.5)
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2.4.1 More stationarity conditions

If the process is stationary, we may combine the Yule–Walker equations with

Corollary 2.2.4 to obtain conditions on γ(k)(0).

Corollary 2.4.1 Let S(t) satisfy (2.1.3) and (2.1.4) and let X(t) be the

first component of S(t). If X(t) is stationary then the following conditions

hold.

p = 1 γ(1)(0) < 0;

p = 2 γ(3)(0) > 0;

p = 3 γ(5)(0) < 0 and
(
γ(0)(0)γ(4)(0)−

[
γ(2)(0)

]2)
> 0; and

p = 4 γ(7)(0) > 0,
(
γ(0)(0)γ(4)(0)−

[
γ(2)(0)

]2)
> 0

and
(
γ(2)(0)γ(6)(0)−

[
γ(4)(0)

]2)
> 0.

Here γ(2p−1)(0) denotes the right derivative of γ(2p−2)(h) at h = 0 or

(−1)pDp−1,p(0). Thus, using (2.3.7), the first inequality given in each of these

cases may be restated as σ2 > 0. Compare these with the restrictions given at

the end of the previous section.

2.5 Regularly Sampled CAR Processes

Let {X(t)} denote a CAR(1) process. Then, from (2.3.2), the autocovariance

function of {X(t)} is

γ(s) =
σ2

2α0

e−α0|s|.
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Thus, if {Xt} denotes observations from a CAR(1) process which is sampled

at intervals of ∆, the autocovariance function of {Xt} is given by

γk = γ(k∆) =
σ2

2α0

e−kα0∆, k = 0, 1, 2, . . . . (2.5.1)

Therefore, {Xt} is the discrete time AR(1) process,

Xt = − β

α0

(
1− e−α0∆

)
+ e−α0∆Xt−1 + et (2.5.2)

where et is white noise with variance

σ2
e = γ0

(
1− e−2α0∆

)
=

σ2

2α0

(
1− e−2α0∆

)
.

Conversely, any discrete time AR(1) with positive coefficient can be embedded

in a CAR(1). The same is not true for the discrete time AR(1) process, Xt =

φXt−1 +et, where φ ≤ 0. For a discussion of this problem and the more general

problem of embedding a discrete time ARMA(p, q) with q < p in a continuous

time ARMA(p′, q′) with q′ < p′, see Chan and Tong (1987) and He and Wang

(1989).

With a little more difficulty, Pandit and Wu (1983, pp.260–267) derive the au-

tocovariance function of a sample taken at constant time steps from a CAR(2)

process and thereby show that the sampled process is an ARMA(2,1). Again,

some restrictions are required on the ARMA(2,1) parameters and so the gen-

eral ARMA(2,1) process can not always be embedded in a CAR(2) process.

Generalising these results leads to the following theorem.

Theorem 2.5.1 If a CAR(p) process is sampled at regular time intervals,
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the resulting observations follow a discrete time ARMA(p, p− 1) process.

Bartlett (1946) proved this result for the case p = 2. The more general case

was proved by Phillips (1959) using an argument based on the spectra of the

discrete and continuous processes. Phadke and Wu (1974) follow a similar

approach to Bartlett (1946) and consider the general CAR(p) model. They

prove the result by showing that when a discrete time AR(p) process with

specified coefficients is fitted to a sample from a continuous time CAR(p)

process, the residuals have non-zero autocorrelations up to lag p− 1.

The actual parameters in the resulting ARMA(p, p− 1) model are, in general,

complicated functions of the parameters of the CAR(p) model. Details are

given in Phadke and Wu (1974) and Pandit and Wu (1983) for the cases p = 1

and p = 2. Phillips (1959) derives the general result.



Chapter 3

CONTINUOUS TIME LINEAR
AUTOREGRESSIVE MODELLING

In this chapter, I consider the problem of estimating a CAR model from ob-

servations.

The problem of estimating the model parameters has been the subject of much

statistical, econometric and engineering literature. For the estimation of the

model from a continuous record, see Bartlett (1946, 1955), Dzhaparidze (1971)

and Priestley (1981). In practice, a sample function is observed discretely at

the points t0 < t1 < · · · < tN . For previous work in the case of equally

spaced data (ti+1 − ti = ∆ for all i), see, for example, Bartlett (1946), Durbin

(1961), Phillips (1972) and Bergstrom (1984). These exploit the well-known

result (discussed in Section 2.5) that an equally spaced sample from a CAR(p)

process is itself an ARMA(p,p − 1) process. The case with unequally spaced

observations where the times of observation are non-random has been consid-

ered by Jones (1981), Robinson (1977) and others. Robinson (1980) considers

the case where the times of observation form a stationary point process.

27



CHAPTER 3. CONTINUOUS TIME LINEAR AUTOREGRESSIVE MODELLING 28
3.1. Yule–Walker Estimators

In Section 3.1, I derive a new approach to estimating CAR models, based on

the Yule–Walker equations of the previous chapter. For continuously recorded

data, it is shown that these estimators are least squares estimators and have

the same asymptotic distribution as maximum likelihood estimators. Condi-

tions under which the estimated models are stationary are also derived. In

practice, though, data can only be observed discretely. For discrete data, I

consider approximations to the continuous time estimators. It is shown that

some of these discrete time estimators are asymptotically biased. Alterna-

tive estimators based on the autocovariance function are suggested. These are

asymptotically unbiased and are a fast alternative to the maximum likelihood

estimators described by Jones (1981). They may also be used as starting values

for maximum likelihood estimation.

Section 3.2 describes the maximum likelihood approach to estimating CAR

models from discrete observations at deterministic times. The presentation

given here is based largely on Jones (1981).

A modelling paradigm for CAR processes is outlined in Section 3.3, including

order selection, model estimation and diagnostic checks. In Section 3.4, this

is applied to three real time series: the IBM closing stock price data, Wolf’s

sunspot numbers and the Canadian lynx data.

3.1 Yule–Walker Estimators

In this section, I consider a continuous time analogue of the Yule–Walker

method for estimating discrete time autoregressive models. Following the

Yule–Walker approach, I shall use the Yule–Walker equations developed in the
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previous chapter to estimate the model coefficients by replacing the covariances

by sample estimates based on continuously recorded data. The Yule–Walker

estimators are shown to be least squares estimators which converge in distri-

bution to maximum likelihood estimators, thus maintaining the close analogy

between the continuous time Yule–Walker estimators and the discrete time

Yule–Walker estimators.

It is assumed throughout this section that data have been mean-corrected

where necessary. Thus, we fit models with β = 0.

3.1.1 Estimating the DCF

Let {x(t)} denote a sample function of a CAR(p) process, {X(t)}, and suppose

we are able to observe and record it continuously without error between the

times 0 and T . I now consider the problem of estimating Dj,k(0), 0 ≤ j ≤ p−1,

0 ≤ k ≤ p, based on {x(t)}.

For j = 0, 1, . . . , p−1, X(j)(t) is equivalent to a process with almost all sample

functions continuous (Jazwinski, 1970, p.111). Therefore, {X(t)} is equivalent

to a process with almost all sample functions possessing continuous derivatives

up to order p− 1. Hence, x(j)(t) (0 ≤ j ≤ p− 1) may be calculated from the

data.

Then, Dj,k(0), 0 ≤ j ≤ p − 1, 0 ≤ k ≤ p may be estimated as the sample

covariances

D̂j,k =
1

T

∫ T

0
x(j)(t)x(k)(t)dt, k < p, (3.1.1)

and D̂j,p =
1

T

∫ T

0
x(j)(t) dx(p−1)(t) (3.1.2)
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Then D̂j,k
p→ Dj,k(0) as T →∞ (Yaglom, 1987, pp.231–233).

3.1.2 Yule–Walker estimators

Consider equation (2.4.5) and let Γj,k denote the (j, k)th element of Γp(0) and

γj denote the jth element of γp(0) (j, k = 1, . . . , p). Then, replacing Γj,k by

the sample estimate D̂j−1,k−1 and γj by the sample estimate D̂j−1,p, we obtain

the Yule–Walker estimator

α̂ = −Γ̂−1
p (0)γ̂p(0). (3.1.3)

Bartlett (1946, 1955) and Priestley (1981) derive these estimators in the cases

p = 1 and p = 2 using a least squares approach. The following theorem shows

that the Yule–Walker estimates satisfy least squares criteria for all p.

Theorem 3.1.1 Let {x(t)} be a sample function from a CAR(p) process

observed at time 0 ≤ t ≤ T . Then the least squares estimators of α, obtained

by minimising

Q(α) =
∫ T

0
[σdW (t)]2 =

∫ T

0

[
dx(p−1)(t) + αp−1x

(p−1)(t)dt+ · · ·+ α0x(t)dt
]2

(3.1.4)

are the Yule–Walker estimators given by (3.1.3).

Proof: Differentiating (3.1.4) with respect to αj gives

∫ T

0
x(j)(t)

[
dx(p−1)(t) + α̌p−1x

(p−1)(t)dt+ · · ·+ α̌0x(t)dt
]

= 0,
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where j = 0, . . . , p−1 and α̌j is the least squares estimator of αi. Equivalently,

α̌0D̂j,0 + α̌1D̂j,1 + · · ·+ α̌p−1D̂j,p−1 = −D̂j,p j = 0, 1, . . . , p− 1,

which are the Yule–Walker equations with Dj,k replaced by D̂j,k. Hence α̌j ≡

α̂j for all j.

2

The asymptotic distribution of the Yule–Walker estimators is given in the

following theorem.

Theorem 3.1.2 Let α̂ denote the estimate of α defined by (3.1.3). Then

√
T (α̂−α)

d→ N
(
0 , σ2Γ−1

p (0)
)

as T →∞.

Proof: Let {x(t)}, 0 < t < T denote a sample function of a CAR(p) process.

Also let n be some positive integer and define ∆ = T/n and ti = i∆. Then,

for large n, D̂j,k may be approximated by

D̂j,k,n =
1

n

n∑
i=0

x(j)(ti)x
(k)(ti), k < p,

and D̂j,p,n =
1

n∆

n−1∑
i=0

x(j)(ti)
[
x(p−1)(ti+1)− x(p−1)(ti)

]

so that D̂j,k,n
p→ D̂j,k, 0 ≤ k ≤ p as n→∞ (Yaglom, 1987).

Define α̂n to be the estimator obtained by replacing D̂j,k by D̂j,k,n in (3.1.3).

Then α̂n is the standard least squares estimator for the regression problem

Y (ti) = −
√

∆
(
α0x(ti) + · · ·+ αp−1x

(p−1)(ti)
)

+ e(ti)
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where Y (ti) =
[
x(p−1)(ti+1)− x(p−1)(ti)

]
/
√

∆

and e(ti) = σ [W (ti+1)−W (ti)] /
√

∆.

That is

Y = −Xα+ e and α̂n = −(XTX)−1(XTY )

where Y = [Y (t0), . . . , Y (tn−1)]T , e = [e(t0), . . . , e(tn−1)]T

and X =
√

∆



x(t0) x(1)(t0) · · · x(p−1)(t0)

x(t1) x(1)(t1) · · · x(p−1)(t1)

...
...

...

x(tn−1) x(1)(tn−1) · · · x(p−1)(tn−1)


.

Thus, e(ti) is a sequence of independent, normally distributed random variables

with zero mean and variance σ2.

Consider

T
1
2 (α̂n−α) = T

1
2

[
(XTX)−1XT (Xα− e)−α

]
= −T (XTX)−1

[
T−

1
2XTe

]
.

By setting U(ti) =
[
x(ti), x

(1)(ti), . . . , x
(p−1)(ti)

]T
e(ti) we have

T−
1
2XTe = T−

1
2

n−1∑
i=0

√
∆U(ti)

p→ n−
1
2

n∑
i=0

U(ti) as n→∞.

Also, E [U(ti)] = 0, Cov [U(ti),U(tj)] = Op×p, i 6= j and Cov [U(ti),U(ti)] =

σ2Γp(0) since W (ti) and W (ti+1) are independent of x(ti), . . . , x
(p−1)(ti).

Now x(k)(t) may be written as σ
∫∞

0 ψk(y) dW (t − y) (see Arató, 1982,

p.119). Hence, we may define the sequence of approximations x(k)
m (ti) =

σ
∫ tm

0 ψk(y) dW (ti − y) where m is a fixed positive integer. Let Sm(ti) =[
xm(ti), x

(1)
m (ti), . . . , x

(p−1)
m (ti)

]T
and Um(ti) = Sm(ti)e(ti) and let λ be a fixed
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but arbitrary vector in IRp. Then Zi = λTUm(ti) is a strictly stationary se-

quence with zero mean and variance σ2λTΓm,p(0)λ where Γm,p(0) is the covari-

ance matrix of Sm(t). The sequence Zi also has the property E [ZiZi+h] = 0

when h > m + 1. That is, it is (m + 1)-dependent. Hence, we may apply the

central limit theorem for dependent stationary sequences (see, e.g., Brockwell

and Davis, 1991, p.213) to obtain

n−
1
2

n−1∑
i=0

λTUm(ti)
d→ λTVm where Vm

d
= N

(
0 , σ2Γm,p(0)

)
.

Since σ2Γm,p(0) → σ2Γp(0) as m → ∞, we have λTVm
d→ λTV where V

d
=

N (0 , σ2Γp(0)). Also, n−1Var
(
λT

∑n−1
i=0 [Um(ti)−U(ti)]

)
→ 0 as m→∞.

Since xm(t)
ms→ x(t), application of Brockwell and Davis’s Proposition 6.3.9

(1991, p.207–208) and the Cramer–Wold device gives

T−
1
2XTe

d→ N
(
0 , σ2Γp(0)

)
.

It follows from (3.1.1) that T (XTX)−1 p→ Γ−1
p (0). Then, using Brockwell and

Davis’s Proposition 6.4.2 (1991, p.211),

α̂n
d
= AN

(
α , T−1σ2Γ−1

p (0)
)
.

Now α̂n
p→ α̂ as n→∞ since Dj,k,n

p→ Dj,k. So

α̂
d
= AN

(
α , T−1σ2Γ−1

p (0)
)
.

2

Arató (1982, p.261) shows that the maximum likelihood estimator of α for

a continuously recorded process between 0 and T is asymptotically normally
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distributed with mean α and covariance matrix 1
T
σ2Γ−1

p (0). Thus, the Yule–

Walker estimator has the same asymptotic distribution as the maximum like-

lihood estimator.

The results of Section 2.3.2 suggest some improvements to the Yule–Walker

estimates. I shall use a bar (̄ ) to distinguish the improved estimates from

those above denoted by a hat (̂ ).

Using Theorem 2.3.1, we define

γ̄(2n)(0) := (−1)nD̂n,n

Γ̄j,k := (−1)k−1γ̄(j+k−2)(0) for j + k even

and Γ̄j,k := 0 for j + k odd.

The last definition is based on Lemma 2.3.2. Similarly, define

γ̄j := (−1)pγ̄(j+p−1)(0) for j + p− 1 even

γ̄j := 0 for j + p− 1 < 2p odd

and γ̄p := (−1)pγ̄(2p−1)(0) := D̂p−1,p

Then (3.1.3) may be replaced by

ᾱ = −Γ̄−1
p (0)γ̄p(0). (3.1.5)

Consider the structure of Γ̄p(0). Using the above definitions,
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Γ̄p(0) =



γ̄(0)(0) 0 γ̄(2)(0) 0 γ̄(4)(0) · · ·

0 −γ̄(2)(0) 0 −γ̄(4)(0) · · ·

γ̄(2)(0) 0 γ̄(4)(0)
. . .

0 −γ̄(4)(0)
. . .

γ̄(4)(0)
...

...



. (3.1.6)

Separating the odd and even rows of Γ̄p(0), we can write equation (3.1.5) as

ᾱ0 = −F−1
p fp (3.1.7)

and ᾱ1 = −G−1
p gp (3.1.8)

where

Fp =



γ̄(0)(0) γ̄(2)(0) · · · γ̄(f)(0)

γ̄(2)(0) γ̄(4)(0) · · · γ̄(f+2)(0)

...
...

...

γ̄(f)(0) γ̄(f+2)(0) · · · γ̄(2f)(0)


, fp =



γ̄(p)(0)

γ̄(p+2)(0)

...

γ̄(p+f)(0)


,

Gp =



γ̄(2)(0) γ̄(4)(0) · · · γ̄(g)(0)

γ̄(4)(0) γ̄(6)(0) · · · γ̄(g+2)(0)

...
...

...

γ̄(g)(0) γ̄(g+2)(0) · · · γ̄(2g−2)(0)


, gp =



γ̄(p+1)(0)

γ̄(p+3)(0)

...

γ̄(p+g−1)(0)


,

ᾱ0 = [ᾱ0, ᾱ2, · · · , ᾱf ]T , ᾱ1 = [ᾱ1, ᾱ3, · · · , ᾱg−1]T ,

f =


p− 2 p even;

p− 1 p odd;

and g =


p p even;

p− 1 p odd.
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Thus,

for p odd fp = [0, · · · , 0, γ̄(2p−1)(0)]T

and for p even gp = [0, · · · , 0, γ̄(2p−1)(0)]T .

So instead of inverting a matrix of order p× p as in equation (3.1.3), one need

only invert two matrices about half that size.

Clearly, ᾱ
p→ α̂ and so these have the same asymptotic distribution as α̂.

One useful property of the improved Yule–Walker estimates is that they allow

more rapid computation when estimating models of successively higher orders.

In particular, note that if p is even, Fp = Fp−1 and if p is odd, Gp = Gp−1.

3.1.3 Stationarity conditions

Corollary 2.2.4 may be used to give necessary and sufficient conditions under

which the estimated model is stationary.

Theorem 3.1.3 If the observed data are not all equal, the following condi-

tions are necessary and sufficient for the estimated model to be stationary:

p = 1 γ̂(1)(0) < 0;

p = 2 γ̂(3)(0) > 0;

p = 3 γ̂(5)(0) < 0 and
(
γ̂(0)(0)γ̂(4)(0)−

[
γ̂(2)(0)

]2)
> 0;

p = 4 γ̂(7)(0) > 0,
(
γ̂(0)(0)γ̂(4)(0)−

[
γ̂(2)(0)

]2)
> 0

and
(
γ̂(2)(0)γ̂(6)(0)−

[
γ̂(4)(0)

]2)
> 0.
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Proof: For k = 0, 1, . . . , p, the estimated derivatives, γ̂(2k)(0), are calculated

as the product of (−1)k and the sample variance of x̂(k)(t). Now {x̂(k)(ti)} are

not all equal if and only if the observations are not all equal. In this case,

γ̂(2k)(0) has sign (−1)k.

So, in the case p = 1, α̂0 = −γ̂(1)(0)/γ̂(0)(0) > 0 if and only if γ̂(1)(0) < 0. The

result then follows from Corollary 2.2.4

The results for p = 2, 3 and 4 follow similarly by writing the conditions in

Corollary 2.2.4 in terms of the estimates of γ(k)(0).

2

This ‘necessary’ part of this result may also have been obtained from Corollary

2.4.1 since, if the estimated model is stationary, the DCF of the model must

satisfy the equations (2.4.1) and so coincides with the corresponding sample

DCF at lag 0.

3.1.4 Estimating the instantaneous variance

In this section, I consider how to estimate the parameter σ2.

For CAR models there is no direct analogue of the Yule–Walker estimate of

residual variance. Nevertheless, it is possible to derive a quick and simple

estimate based on the process variance γ(0) and coefficients α0, . . . , αp−1.

Equation (2.3.2) gives

σ2 = γ(0)

[ q∑
i=1

ci(0)

]−1

(3.1.9)

where λi is a root of C(z) =
∑p
j=0 αpz

j = 0 with multiplicity mi and ci(0) is a
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function of λ1, . . . , λ1. If all the roots are distinct (mi = 1, ∀i),

ci(h) =

−2Re(λi)
p∏
l=1
l 6=i

(λl − λi)(λ̄l + λi)


−1

(3.1.10)

where λ̄l denotes the complex conjugate of λl.

The roots λi may be estimated from the coefficient estimates and γ(0) may be

estimated from the data. Then (3.1.9) may be used to estimate σ2.

For p = 1, this yields the simple estimate

σ̂2 = 2α̂0γ̂(0)

and for p = 2,

σ̂2 = 2α̂0α̂1γ̂(0).

In these cases, if the Yule–Walker estimates of the previous section are used,

then σ̂2 = −2D̂p−1,p; a result which could have been derived from (2.3.7).

3.1.5 Yule–Walker estimates for discrete observations

In practice, observations are recorded at discrete times. So to use the above

estimators, it is necessary to derive discrete time approximations to them.

Suppose the data consist of observations taken at times 0 = t1 < t2 < · · · <

tN = T and let ∆i = ti+1 − ti and ∆ = supi ∆i. Then, for small ∆, it seems

reasonable to estimate x(j)(ti) by numerical derivatives x̂(j)(ti) and D̂j,k by the
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numerical integrals

D̃j,k =
1

T

N∑
i=1

x̂(j)(ti) x̂
(k)(ti)∆i, k < p, (3.1.11)

and D̃j,p =
1

T

N∑
i=1

x̂(j)(ti)
[
x̂(p−1)(ti+1)− x̂(p−1)(ti)

]
(3.1.12)

Note that for D̃j,p, it is crucial that x̂(j)(t) is evaluated at the left hand end

of the interval [ti, ti+1]. If it is evaluated at other values in the interval, the

sum will converge to a different value. For example, if x̂(j)(t) is evaluated at

the mid-point of the interval [ti, ti+1], D̃j,p will converge to the Stratonovich

integral rather than the Itô integral (Øksendal, 1989, p.16).

Define a discrete form of the Yule–Walker estimators by replacing D̂j,k by D̃j,k

in (3.1.5). Let α̃ denote the estimators which are obtained in this way.

Now suppose the data are equally spaced (∆i = ∆ for all i). Then for p = 1,

α̃0 = − 1
∆

[
γ̂(∆)
γ̂(0)
− 1

]
where γ̂(∆) = 1

N

∑N−1
i=1 x(ti)x(ti+1) and

E(α̃0) = − 1

∆

[
e−α0∆ − 1

]
+O(N−1).

Thus the discrete time approximation to the Yule–Walker estimator is asymp-

totically unbiased (as N →∞ and ∆→ 0).

But for p > 1, (3.1.12) gives an asymptotically biased estimate of Dj,p. This

is most easily seen by considering the case p = 2 with x̂(1)(ti) := [x(ti+1) −

x(ti)]/∆. (A similar analysis to that below is given by Bartlett (1946, p.39).)

By the mean value theorem, x̂(1)(ti) = x(1)(ξ) for some ξ ∈ (ti, ti+1). Thus, the

integrand in D̃1,2 is not evaluated at ti and so D̃1,2 does not converge to the
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required Itô integral. Specifically,

E(D̃1,2) = E

{
1

T

∑
i

x̂(1)(ti)
[
x̂(1)(ti+1)− x̂(1)(ti)

]}

= E


1

N∆3

∑
i

[
x(ti+1)x(ti+2)− x(ti)x(ti+2)− 2x2(ti+1)

+ 2x(ti)x(ti+1) + x(ti+1)x(ti)− x2(ti)
]

≈ 1

∆3
{−3γ(0) + 4γ(∆)− γ(2∆)} for large N . (3.1.13)

Now γ(h) is the top left element of Γp(h) = eAhΓp(0) using (2.3.9). For small h,

eAh ≈ I+Ah+A2h2/2+A3h3/6. So the top left element of eAh is approximately

1− α0h
2/2 + α0α1h

3/6 and

γ(h) ≈ γ(0)
[
1− α0h2

2
+ α0α1h3

6

]
. (3.1.14)

Substituting this expression into (3.1.13) gives E(D̃1,2) ≈ −2α0α1γ(0)/3 for

small ∆ and large N . Similarly, E(D̃1,1) ≈ γ(0)α0(1 − α1∆/3). But using

(2.3.7) and the results of Section 3.1.4, D1,2 = −α0α1γ(0) ≈ 3
2
E(D̃1,2). Hence

E(α̃1) = E(−D̃1,2/D̃1,1) ≈ 2α1/3 for large N and small ∆. The estimate of

α0 is not asymptotically biased in this way since it does not rely on D̃1,2. The

above approximations give E(α̃0) = E(D̃1,1/D̃0,0) ≈ α0 − α0α1∆/3.

Using other methods of differencing does not resolve the problem. For instance,

with central differences, x̂(1)(ti) := [x(ti+1)− x(ti−1)]/2∆. Then, by the mean

value theorem, x̂(1)(ti) = x(1)(ξ) for some ξ ∈ (ti−1, ti+1). So, again, the

integrand in D̃1,2 is not evaluated at ti and so D̃1,2 does not converge to the
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required Itô integral. In this case,

E(D̃1,2) ≈ 1

4∆3
{−2γ(0) + γ(∆) + 2γ(2∆)− γ(3∆)} for large N .

Then, substituting (3.1.14) gives E(D̃1,2) ≈ −5α0α1γ(0)/12. Similarly,

E(D̃1,1) ≈ γ(0)α0(1 − 2α1∆/3). Hence E(α̃1) ≈ 5α1/12 and E(α̃0) ≈

α0 − 2α0α1∆/3. Thus, using central differences results in even more bias

than forward differences!

Clearly, for discrete time data, another approach is required. If the data are

equally spaced, one approach is to equate the ACVF with its sample estimate

rather than equating the DCVF with its sample estimate. This continues the

flavour of Yule–Walker estimation for discrete autoregressive models although

the resulting estimates can no longer be calculated by solving a set of p linear

equations. In fact, we obtain a set of p non-linear equations which can be

solved with only a little more computation.

A modification of this approach suitable for unequally spaced data will be

given at the end of this section.

Equally spaced data

First, consider the simple CAR(1) model observed at equally spaced intervals

of length ∆. Then

γ(∆) = e−α0∆γ(0).

This suggests the estimator

˜̃α0 := − 1

∆
log

[
γ̂(∆)

γ̂(0)

]
= − 1

∆
log [1−∆α̃0] .
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Now the restriction of small ∆ can be dropped. Note that e−
˜̃α0∆ is the discrete

time Yule–Walker estimator for the discrete time AR(1) process formed by the

observations. Of course, ˜̃α0 is also biased because of the ratio estimate of

γ(∆)/γ(0). The estimate may be further improved by replacing γ̂(∆)/γ̂(0)

with a jackknife estimator.

In general, we have a set of p non-linear equations

fk(α) = γ(k∆)− γ̂(k∆), k = 1, 2, . . . , p.

We wish to find α such that fk(α) = 0 for all k. For p > 1 a closed form solu-

tion is not possible although the equations may be solved using the Newton–

Raphson method as follows. Expanding fk in a Taylor series yields

fk(α+ δα) = fk(α) +
p−1∑
j=0

∂fk
∂αj

δαj +O(δα2). (3.1.15)

Ignoring the terms of order δα2 and higher, we may calculate the corrections

δα from the set of linear equations

p−1∑
j=0

fk,jδαj = βk (3.1.16)

where fk,j = ∂fk

∂αj
and βk = −fk. Given initial values, α, equation (3.1.15) may

be iterated to convergence.

To calculate fk and fk,j we need to find γ(k∆) given α. This may be de-

termined from the top left element of eAk∆Γp(0). Elements of eAh may be

calculated using Taylor series approximations and elements of Γp(0) may be

estimated using D̃j,k.
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Thus, we obtain

γ(h) ≈
p−1∑
k=0

γ̂(k)(0)
M∑
m=0

cm,kh
m

m!
(3.1.17)

for some sufficiently large M where γ̂(2j)(0) = D̃j,j, γ̂
(2j−1)(0) = 0, 2j ≤ p, and

cm,k is a function of the coefficients α0, α1, . . . , αp−1.

For example, if p = 2, further terms may be added to (3.1.14) to give

γ(h) ≈ γ̂(0)
[
1− α0h2

2
+ α0α1h3

6
+

α0(−α2
1+α0)h4

24
+

α0(α3
1−2α0α1)h5

120

+
α0(−α4

1+3α0α2
1−α

2
0)h6

720

]
. (3.1.18)

Then fk and fk,j may be easily calculated for all k and j. In particular,

fk,0(α) ≈ γ(0)
[
−h2

2
+ α1h3

6
+

(−α2
1+2α0)h4

24
+

(α3
1−4α0α1)h5

120

+
(−α4

1+6α0α2
1−3α2

0)h6

720

]
and fk,1(α) ≈ γ(0)

[
α0h3

6
− 2α0α1h4

24
+

α0(3α2
1−2α0)h5

120
+

α0(−4α3
1+6α0α1)h6

720

]

where h = k∆. Again, we do not need ∆ small for this approximation, al-

though for p > 2 this restriction is necessary to calculate γ̂(2j)(0), j ≥ 1.

For p = 3 and p = 4, values of cm,k are given in Table 1.

For equally spaced CAR(2) processes, Bartlett (1946, 1955) suggested a sim-

ilar approach identifying the sample and theoretical autocovariances, but he

calculated the theoretical covariances using the relation

γ(h) =
e−

1
2
α1|h| cos(λ|h| − θ)

cos θ
γ(0)

where λ =
√
α0 − α2

1/4, tan θ = α1/(2λ) and α0 ≥ α2
1/4.
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Unequally spaced data

Let γ̄k = 1
N

∑
iX(ti+k)X(ti) so that E[γ̄k] = 1

N

∑
i γ(∆i,k) where ∆i,k = ti+k−ti.

Note that for equally spaced data, γ̄k = γ̂(k∆). Using (3.1.17) and interchang-

ing the order of summation, we obtain

E[γ̄k] ≈
p−1∑
k=0

γ̂(k)(0)
M∑
m=0

cm,k
m!

1

N

N−k∑
i=1

∆m
i,k.

Hence, the estimates derived above may be modified for unequally spaced data

by replacing γ̂(k∆) with γ̄k, γ(k∆) with E[γ̄k] and (k∆)m with 1
N

∑
i ∆

m
i,k.

3.2 Maximum Likelihood Estimation

Suppose {X(t)} is observed at the times t1 < t2 < · · · < tN where these times

may be unequally spaced. Let X(ti | tj) = E[X(ti) |X(tk) = x(tk), k ≤ j]

and denote the innovation (or one-step-ahead prediction error) by I(ti) =

X(ti)−X(ti | ti−1) and its variance by V (ti) = E[I2(ti) |X(tk) = x(tk), k < i].

Then, the likelihood of the observations x(t1), . . . , x(tN) is

L = (2π)−N/2[V (t1) . . . V (tN)]−1/2 exp

[
−1

2

N∑
i=1

I(ti)
2/V (ti)

]
,

where X(t1 | t0) = −β
α0

and V (t1) is the top left component of the stationary

state covariance matrix, Γp(0) = σ2
∫∞
0 eAybbT eA

T ydy.

A non-linear optimisation algorithm can then be used in conjunction with

the expression for L to find maximum likelihood estimates of the parameters.
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Equivalently, one can minimise

−2 logL = N log(2π) +
N∑
i=1

log V (ti) +
N∑
i=1

I2(ti)/V (ti). (3.2.1)

For p = 1, X(ti | ti−1) = m(x(ti−1), ti − ti−1) and V (ti) = v(x(ti−1), ti − ti−1)

where

m(x, t) = e−α0tx− β

α0

[
1− e−α0t

]
, (3.2.2)

and v(x, t) =
σ2

2α0

[
1− e−2α0t

]
(3.2.3)

as defined in Section 2.1.1.

For higher order processes, I(ti) and V (ti) may be obtained from the Kalman

recursions.

3.2.1 Kalman recursions

Consider the state space form of the CAR(p) process,

dS∗(t) = AS∗(t)dt+ σbdW (t)

X(t) = [1, 0, · · · , 0]S∗(t)

where

A =



0 1 0 · · · 0

0 0 1
. . .

...

...
...

. . . . . . 0

0 0 · · · 0 1

−α0 −α1 · · · · · · −αp−1


, b =



0

0

...

0

1


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and S∗(t) =



X(t) + β
α0

X(1)(t)

...

X(p−2)(t)

X(p−1)(t)


.

From (2.1.5), we obtain the solution to the state space equation at each obser-

vation

S∗(ti+1) = eAtS∗(0) + σ
∫ ti+1

0
exp[A(ti+1 − y)]bdW (y)

= exp[A(ti+1 − ti)]S∗(ti) + σ
∫ ti+1

ti
exp[A(ti+1 − y)]bdW (y).

Hence, the system can be written as a state space model in discrete time

S∗(ti+1) = FiS∗(ti) +Gi

X(ti) = aTS∗(ti)

where

Fi = exp[A(ti+1 − ti)]

Gi = σ
∫ ti+1

ti
exp[A(ti+1 − y)]bdW (y)

and a = [1, 0, · · · , 0]T .

Thus {Gi} is an independent sequence of Gaussian random vectors with mean

E[Gi] = 0 and covariance matrix

E[GiG
T
i ] = σ2

∫ ti+1−ti

0
eAybbT eA

T ydy.

These equations are in precisely the form needed for application of the Kalman

recursions (see, for example, Brockwell and Davis, 1991, Chapter 12).
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However, it is difficult to compute the matrix exponential numerically (see

Moler and van Loan, 1978). Jones (1981) discusses a solution to this difficulty

by using the spectral representation of the matrix A.

If it is assumed that the eigenvalues of A are distinct, then A = UΛU−1 where

Λ is a diagonal matrix of the eigenvalues of A and U is a p × p matrix, the

columns of which are the right eigenvectors of A. Thus,

Λ =



λ1 0 · · · 0

0 λ2
. . .

...

...
. . . . . . 0

0 · · · 0 λp


and U =



1 1 · · · 1

λ1 λ2 · · · λp

...
...

...

λp−1
1 λp−1

2 · · · λp−1
p



where λk, k = 1, . . . , p, is a root of C(z) =
∑p
j=0 αpz

j = 0.

Then, defining a transformed state vector Y (t) = U−1S∗(t), the new state

space equations are

dY (t) = ΛY (t)dt+ σCdW (t)

and X∗(t) = DY (t)

where C = U−1b and D = aTU = [1, 1, · · · , 1]. Likewise, the observations

satisfy the discrete time state space equations

Y (ti+1) = BiY (ti) +wi

X∗(ti) = DY (ti)

where

Bi = exp[Λ(ti+1 − ti)]
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and wi = σ
∫ ti+1

ti
exp[Λ(ti+1 − y)]CdW (y).

The advantage of these transformed equations is that the matrix exponential,

Bi can be calculated as the diagonal matrix with entries exp[λk(ti+1−ti)] where

λk is an eigenvalue of A.

The covariance matrix of wi is

Qi = σ2
∫ ti+1

ti
exp[Λ(ti+1 − y)]CC̄T exp[Λ̄T (ti+1 − y)]dy

where M̄ denotes the complex conjugate of the matrix M . Thus, the (j, k)th

component of Qi is

[Qi]j,k =


σ2cj c̄k
λj+λ̄k

{
exp[(λj + λ̄k)(ti+1 − ti)]− 1

}
λj + λ̄k 6= 0

σ2cj c̄k(ti+1 − ti) λj + λ̄k = 0

where cj denotes the jth component of C.

Now let Y (ti | tj), denote the estimate of Y (ti) given the observations up to

and including time tj and let P (ti | tj) denote the covariance of Y (ti | tj).

Then the Kalman filter algorithm allows iterative calculation of these quanti-

ties:

Y (ti+1 | ti) = BiY (ti | ti) (3.2.4)

P (ti+1 | ti) = BiP (ti | ti)B̄T
i +Qi (3.2.5)

X∗(ti+1 | ti) = DY (ti+1 | ti) (3.2.6)
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I(ti+1) = X∗(ti+1)−X∗(ti+1 | ti) (3.2.7)

V (ti+1) = DP (ti+1 | ti)D̄T (3.2.8)

Y (ti+1 | ti+1) = Y (ti+1 | ti) + P (ti+1 | ti)D̄T I(ti+1)/V (ti+1) (3.2.9)

P (ti+1 | ti+1) = P (ti+1 | ti)− P (ti+1 | ti)D̄TDP (ti+1 | ti)/V (ti+1).(3.2.10)

3.3 Modelling Paradigm

This section outlines a modelling paradigm for data observed at deterministic,

possibly irregularly spaced, times. This involves data transformations, model

estimation, order selection, diagnostic checking and forecasting. Aspects of

this approach may be found in Jones (1981, 1984).

3.3.1 Time scale

Suppose a CAR process is observed at times ∆ apart. Then a change in the

units in which ∆ is expressed results in a change in the model parameters. To

prevent very small or very large model parameters, it is necessary to choose

the time scale such that ∆ is not too large or too small.

For example, consider the CAR(1) process

dX(t)

dt
+ α0X(t) = σZ(t).

Now dX(t)
dt

will double if the time scale is halved whereas X(t) will stay the

same. Hence, α0 will be doubled. That is, α0 is inversely proportional to the

time unit.
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Generally, for a CAR(p) process, X(j)(t), j < p, is inversely proportional to

the jth power of the time unit. Therefore, αj is inversely proportional to the

(p − j)th power of the time unit. Also the variance of {X(t)} is invariant on

different time scales. Now, the roots of the equation will be proportional to the

time scale. Thus, from (3.1.9) and (3.1.10), σ2 will be inversely proportional

to the (2p− 1)th root of the time unit.

So, a CAR(2) process with parameters β = 0, α0 = 0.5, α1 = 0.5 and σ2 = 1.0

and time unit ∆ is identical to the CAR(2) process with parameters β = 0,

α0 = 2.0, α1 = 1.0 and σ2 = 8.0 defined on a time scale with time unit ∆/2.

Clearly, the numerical computations are subject to excessive rounding error

if the spacing between observations is too small or too great. The above

discussion shows how to change the time scale appropriately when necessary.

For example, Jones (1984) fits a CAR(1) model to data relating to the DNA

binding in a patient with systemic lupus erythematosis. There are 99 observa-

tions over a period of 3061 days. The shortest time between observations was

1 day, the largest was 90 days and the average 31.2 days. Using the natural

time unit of one day, α̂0 = 0.0077 and σ̂2 = 0.0980. By altering the time

scale so that 1 time unit = 30 days, we obtain α̂0 = 30 × 0.0077 = 0.231

and σ̂2 = 30 × 0.0980 = 2.94. Jones uses a time unit of 10 days which gives

α̂0 = 10× 0.0077 = 0.077 and σ̂2 = 10× 0.0980 = 0.980.

3.3.2 Data transformations

In estimating the model, it is assumed that the data are stationary and nor-

mally distributed. Graphical methods are usually sufficient to check these
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assumptions. Where the data are clearly non-stationary or non-Gaussian,

Box–Cox transformations or power transformations may be used.

The algorithms used for inference are more stable if the data do not have a

very low coefficient of variation. To avoid this problem, it may be necessary

to rescale the data. Jones (1984) normalises the data by subtracting the sam-

ple mean and dividing by the sample standard deviation. Yeung (1989) also

recommends this procedure.

3.3.3 Order selection criteria

The AIC (Akaike Information Criterion) statistic was introduced by Akaike

(1969) and may be defined as

AIC := −2 logL+ 2k

where L denotes the likelihood of the model and k is the number of parameters

estimated in the model. Thus the AIC penalises the log likelihood by k. For a

CAR(p) model with non-zero mean, k = p + 1. Minimising the AIC statistic

provides a useful criterion for choosing the model order.

An alternative approach is the BIC (Bayesian Information Criterion) which is

identical to the AIC except the penalty is k
2

logN . That is,

BIC := −2 logL+ k logN.

This was introduced by Akaike (1977) to correct the tendency of the AIC to

overestimate the number of parameters.
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I have found the Yule–Walker estimates to be adequate in assessing model

order. For each order the parameters are estimated using the Yule–Walker

approach described in Section 3.1.5 and the above statistics are calculated. If

the Yule–Walker estimates do not converge or give a non-stationary model,

this may be interpreted to mean that a model of that order is not appropriate

for the data.

To test the effectiveness of this approach to order selection, a simulation study

was carried out where CAR(1) processes were simulated and the order selection

criteria applied. One thousand samples were generated for each value of the

parameters. The processes had parameters σ = 1, β = 0 and α0 was either

0.1, 0.5, 1.0, 2.0 or 3.0. Each simulated series consisted of N = 50 observations

at unit intervals. The simulations were repeated for N = 100 and N = 1000.

The results are given in Table 2.

AIC: 1 AIC: 2 AIC: 2 AIC: 3
α0 BIC: 1 BIC: 1 BIC: 2 BIC: 3 Total

N = 50 0.1 957 18 22 0 997
0.5 928 40 32 0 1000
1.0 889 50 57 0 996
2.0 638 198 63 3 902
3.0 437 52 290 2 781

N = 100 0.1 985 5 9 0 999
0.5 979 9 12 0 1000
1.0 966 15 19 0 1000
2.0 753 57 154 1 965
3.0 429 24 336 4 793

N = 1000 0.1 1000 0 0 0 1000
0.5 1000 0 0 0 1000
1.0 1000 0 0 0 1000
2.0 1000 0 0 0 1000
3.0 860 1 138 0 999

Table 2: Results of simulations of CAR(1) processes

Cases where the Yule–Walker estimates did not converge or gave a non-
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stationary model have been dropped from the above table (hence the figures

less than 1000 in the right hand column). These results confirm that the AIC

tends to overestimate the model order, particularly for large values of α0 and

small values of N . Note that in these simulations, it is not possible for the

BIC to select order 2 when the AIC selects order 1 since N > e2.

A similar analysis was carried out for CAR(2) processes with σ = 1, β = 0 and

α0 and α1 taking the values 0.1, 0.5, 1.0 and 2.0. Again, one thousand series

with unit observation spacing were generated. Here N = 100. The results are

given in Table 3.

AIC: 1 AIC: 2 AIC: 2 AIC: 3 AIC: 3
α0 α1 BIC: 1 BIC: 1 BIC: 2 BIC: 2 BIC: 3 Total
0.1 0.1 485 0 515 0 0 1000
0.1 0.5 147 2 848 1 1 999
0.1 1.0 91 5 897 4 3 1000
0.1 2.0 469 83 437 0 3 992
0.5 0.1 194 0 803 0 3 1000
0.5 0.5 0 0 995 5 0 1000
0.5 1.0 7 0 993 0 0 1000
0.5 2.0 370 107 523 0 0 1000
1.0 0.1
1.0 0.5 0 0 1000 0 0 1000
1.0 1.0 0 0 1000 0 0 1000
1.0 2.0 238 116 646 0 0 1000
2.0 0.1
2.0 0.5 0 0 999 0 1 1000
2.0 1.0 0 0 996 3 1 1000
2.0 2.0 274 155 571 0 0 1000

Table 3: Results of simulations of CAR(2) processes

Again, cases where the Yule–Walker estimates did not converge or gave a non-

stationary model have been dropped from the above table (hence the figures

less than 1000 in the right hand column). This only occurred when α0/α1

was small. On the other hand, when α0/α1 was large (> 10), the simulated

series was unstable since the process is close to the boundary of stationarity.
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Therefore no results were recorded for these processes.

The results indicate that the BIC often underestimates the model order for

CAR(2) processes while the AIC rarely overestimates the order. The best

results are obtained for moderate values of α0 and α1.

This brief Monte-Carlo study indicates that both the AIC and BIC should be

used. Where the results differ, the choice between models is best made on

other grounds such as the behaviour of the residuals.

3.3.4 Model estimation

The discrete time Yule–Walker estimates described in Section 3.1.5 can be used

as starting values for maximum likelihood estimation.

3.3.5 Diagnostics

If the data are from a CAR process, the innovations, I(ti), are Gaussian and

orthogonal to past observations. So, the standardised one-step-ahead predic-

tion errors, given by e(ti) = I(ti)/
√
V (ti), are i.i.d. standard normal random

variates and each error is orthogonal to all observations taken at times prior

to ti. Thus they provide a useful approach to testing the goodness-of-fit of a

CAR model. For example, tests for normality and serial correlation may be

applied as for discrete time models (see Brockwell and Davis, 1991, Section

9.4).



CHAPTER 3. CONTINUOUS TIME LINEAR AUTOREGRESSIVE MODELLING 56
3.4. Applications

3.3.6 Forecasting

To calculate the minimum mean square predictor of X(th) and its variance, one

simply needs to calculate X(th|tN) and V (th), h > N . For p = 1, this may be

accomplished using m(x(tN), th− tN) and v(x(tN), th− tN) respectively. More

generally, the Kalman recursions may be used. After running through equa-

tions (3.2.4) – (3.2.10), X(th|tN) and V (th) may be calculated using equations

(3.2.4) – (3.2.6) and (3.2.8).

The prediction density is Gaussian and so prediction intervals may be obtained

using these first two moments.

3.4 Applications

In this section, the modified Yule–Walker estimators derived in Section 3.1

and the maximum likelihood estimators described in Section 3.2 are applied

to three data sets which have been subject to previous analyses.

3.4.1 IBM Closing Stock Prices

The IBM daily closing stock price data, {P (t)}, are given in Box and Jenkins

(1976, p.526). I shall consider the modelling of the relative daily price changes,

X(t) = 100[P (t)− P (t− 1)]/P (t− 1) for the period 18 May 1961 – 30 March

1962. This series is also considered by Yeung (1989) and Tong and Yeung

(1991). I shall treat the data as uniformly spaced, although it would not be

difficult to treat the data as irregularly spaced to take into account weekends
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and holidays (Tong and Yeung treat the data both ways). The relative price

changes are plotted in Figure 3.4.1.

Figure 3.4.1: Relative changes of IBM daily closing stock prices (18 May 1961 – 30 March
1962).

The histogram of the data is approximately symmetric and so no transforma-

tion was used. Both the AIC and BIC indicate the use of a CAR(1) model in

accordance with the analysis of Tong and Yeung.

The Yule–Walker model is

X(1)(t) + 1.563X(t)− 0.120 = 1.695W (1)(t).

The one-step MSE of this model is 0.879 and the log-likelihood is −295.327.

Using this model as a starting point for maximum likelihood estimation, we

obtain

X(1)(t) + 1.559X(t)− 0.109 = 1.693W (1)(t)
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where the parameters β, α0 and σ have standard errors 0.125, 0.288 and

0.154 respectively and the model gives one-step MSE 0.879 and log-likelihood

−295.324.

Clearly, the Yule–Walker method gives an excellent starting point very close

to the maximum likelihood result.

Yeung (1989) and Tong and Yeung (1991) also use maximum likelihood esti-

mation and give the estimates α̂0 = 1.561 and σ̂ = 1.764.

3.4.2 Wolf’s Sunspot Numbers

The annual means of the annual Wolf sunspot numbers for 1700–1988 are given

in Tong (1990, p.470). These are plotted in Figure 3.4.2. This series has been

Figure 3.4.2: Annual means of Wolf ’s sunspot numbers (1700–1988).
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analysed many times in the statistical literature. In fact, autoregressive models

were first introduced for the sunspot numbers by Yule (1927).

The histogram of the data suggest a power transformation is necessary. After

taking square roots of the series, the histogram of the transformed data is

roughly symmetrical. This choice of transformation has also been used by

several authors including Jones (1981), Ghaddar and Tong (1981), Chan and

Tong (1986) and Yeung (1989). However, other authors model the raw sunspot

numbers.

Using either the raw data or the transformed data, the AIC and BIC indicate

a second order model. This is in accordance with most of the autoregressive

models of these data that have appeared in the literature, starting with Yule’s

original analysis in 1927.

Various subsets of the series have been analysed. Several authors have consid-

ered CAR(2) models for the raw sunspot numbers for the period 1749–1924.

Their parameter estimates are given below.

Reference α0 α1

Bartlett (1946) 0.616 0.316

Phadke and Wu (1974) A 0.479 0.632

Phadke and Wu (1974) B 0.503 0.785

Robinson (1980) 0.511 0.793

Yeung (1989) 0.433 0.982

Bartlett (1946) used a method equivalent to the Yule–Walker method given in

Section 3.1, by equating the sample autocorrelations with the theoretical model

autocorrelations. However, his results seem incorrect. Phadke and Wu (1974)
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recalculated the parameters using Bartlett’s method and obtained results (de-

noted A above) very close to those obtained using my own implementation of

the Yule–Walker approach with M = 7 in equation (3.1.17).

The discrete time approximation of the Yule–Walker estimators for these data

gives a CAR(2) model with parameters α̃0 = 0.376 and α̃1 = 0.510. Starting

with these values and using M = 7, (3.1.15) was iterated to obtain the model

X(2)(t) + 0.617X(1)(t) + 0.478X(t)− 21.480 = 26.654W (1)(t)

with one-step MSE 263.5 and log-likelihood −740.1.

Phadke and Wu (1974) also calculated the parameters by estimating a discrete

time ARMA(2,1) model using maximum likelihood and calculating the corre-

sponding CAR(2) model. The results are denoted B above. This approach is

equivalent to the direct estimation of the CAR(2) parameters using maximum

likelihood estimation, although the method is not easily generalised to irreg-

ularly spaced data. Robinson (1980) also used an efficient method and, not

surprisingly, obtained very similar results to Phadke and Wu (1974) B.

My own implementation of the maximum likelihood approach yields the model

X(2)(t) + 0.789X(1)(t) + 0.500X(t)− 22.420 = 30.633W (1)(t)

where the parameters β, α0, α1 and σ have standard errors 0.970, 0.042,

0.088 and 0.197 respectively and the model gives one-step MSE 261.1 and

log-likelihood −738.4.

Yeung (1989) also claims to use the maximum likelihood method described in

Section 3.2. However, a comparison with the above equation and the results
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of Phadke and Wu (1974) B and Robinson (1980) indicates that she may have

made some calculation error.

3.4.3 Canadian Lynx Data

This series consists of the numbers of Canadian lynx trapped annually in the

Mackenzie River district of north-west Canada for the period 1821–1934. The

series is given in Tong (1990, p.469) and shown in Figure 3.4.3.

Figure 3.4.3: Numbers of Canadian lynx trapped annually in the Mackenzie River district of
north-west Canada (1821–1934).

The Canadian lynx data is a classic series in the time series literature and

has received extensive attention. Examination of the histogram shows that a

transformation is required. The log (base 10) transformation seems to give a

roughly symmetric histogram. This choice has been favoured in most of the

analyses of the data since the first time series study of the data was undertaken
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by Moran (1953).

The discrete time approximation of the Yule–Walker estimators for these data

gives a CAR(2) model with parameters α̃0 = 0.417 and α̃1 = 0.438. Iterating

(3.1.15) with M = 7 gives

X(2)(t) + 0.369X(1)(t) + 0.483X(t)− 1.399 = 0.332W (1)(t)

with one-step MSE 0.057 and log-likelihood −0.147

Using these parameters as starting values for maximum likelihood estimation

yields the model

X(2)(t) + 0.513X(1)(t) + 0.507X(t)− 1.472 = 0.398W (1)(t)

where the parameters β, α0, α1 and σ have standard errors 0.197, 0.067,

0.118 and 0.034 respectively and the model gives one-step MSE 0.056 and

log-likelihood −2.821.

Yeung (1989) and Tong and Yeung (1991) also fit a CAR(2) model to the

logged lynx data using maximum likelihood estimation. They give the model

X(2)(t) + 0.491X(1)(t) + 0.433X(t) = 0.736W (1)(t)

whereX(t) denotes the mean-corrected data. It is not clear why their estimates

differ from mine, although their calculations may have suffered from the same

errors that were apparent in Yeung’s estimate of the sunspot model.



Chapter 4

FIRST ORDER CONTINUOUS TIME
THRESHOLD AR PROCESSES

The purpose of this chapter is to define a continuous time threshold autore-

gressive process of order one and discuss some of its properties. The process is

defined in Section 4.1 and conditions under which the process is stationary are

discussed in Section 4.2. The stationary distribution is derived in Section 4.3.

Of particular importance is the behaviour of the process at the thresholds. It

will be seen that processes with identical parameters but different boundary

conditions have very different properties including different stationary prob-

ability densities. Section 4.4 derives the first two moments of the stationary

distribution.

Section 4.5 discusses two approximating stochastic differential equations and

Section 4.6 describes several approximating Markov chains. One of the ap-

proximations given in Section 4.5 will provide the basis for the definition of

higher order processes.

63
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4.1 Definition of a CTAR(1) Process

Continuous time threshold autoregressive (CTAR) processes are a generalisa-

tion of CAR processes. Instead of the process satisfying a linear stochastic

differential equation, a CTAR process is defined in terms of a piecewise linear

stochastic differential equation.

Thus, the first order CTAR process, denoted by CTAR(1), is defined to be a

stationary solution of the piecewise linear stochastic differential equation

dX(t) + α0(X(t))X(t)dt+ β(X(t))dt = σ(X(t))dW (t) (4.1.1)

where

α0(x) = αi,0, β(x) = βi and σ(x) = σi > 0 for ri−1 < x < ri,

(4.1.2)

and the threshold values −∞ = r0 < r1 < · · · < rl =∞ partition the real line.

If l = 1 then {X(t)} is a CAR(1) process. The process defined by (4.1.1) and

(4.1.2) is a diffusion process with drift coefficient

µ(x) = −α0(x)x− β(x) (4.1.3)

and diffusion coefficient

Σ(x) =
σ2(x)

2
. (4.1.4)

Let D(G) denote the domain of the generator G of {X(t)}. Then, for f ∈ D(G),

the generator is defined by

Gf(x) := µ(x)f ′(x) + Σ(x)f ′′(x), x 6= ri (4.1.5)



CHAPTER 4. FIRST ORDER CONTINUOUS TIME THRESHOLD AR PROCESSES 65
4.1. Definition of a CTAR(1) Process

with Gf(ri) determined by continuity of Gf(x).

Note that the process is not uniquely defined until the behaviour of the process

at the thresholds is specified. There is no unique way of doing this. This

point is illustrated later in this chapter where different processes with identical

parameters but different boundary conditions are considered.

I consider three possible boundary conditions in this chapter, each of which has

some useful properties. These are specified by placing conditions on functions

in D(G). For f ∈ D(G), the conditions are:

Condition A
∂f

∂x
is continuous at x = ri;

Condition B σi
∂f

∂x
is continuous at x = ri;

Condition C σ2
i

∂f

∂x
is continuous at x = ri.

Any one of the boundary conditions A, B or C (and these are not the only

possibilities) could be used for modelling purposes. It is important however,

in specifying the model as a diffusion process to state which of the boundary

conditions is being used. Clearly, if σ(x) is continuous there is no distinc-

tion between the three boundary conditions. Note that specification of the

boundary conditions is critical only when the process is formulated directly

as a diffusion process. In Section 4.6, Markov chains which approximate the

CTAR(1) process are considered. Each of these automatically implies corre-

sponding boundary conditions for the diffusion limit.
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4.2 Conditions for Stationarity

For a stationary solution of a threshold model of order one to exist, one need

only consider the sub-models in the outermost regimes. What happens else-

where does not affect the stationarity of the process. For the application of this

principle to SETAR processes, see Tong (1983), and Chan et al. (1985). Each

gives conditions involving only the extreme left and extreme right regimes. The

principle does not extend to higher order processes: see Tong and Pemberton

(1980) and Tong (1989).

For example, a sufficient condition for stationarity is that the sub-models in

the outermost regimes are stationary. So a CTAR(1) processes is stationary if

the coefficients α1,0 and αl,0 are both positive.

However, this condition is not necessary. A necessary and sufficient condition

for stationarity is that the outermost sub-models force the process towards

zero. This leads to the following theorem.

Theorem 4.2.1 Suppose that σi > 0, i = 1, . . . , l. Then the process {X(t)}

defined by (4.1.1) and (4.1.2) has a stationary distribution if and only if

lim
x→−∞

µ(x) > 0 and lim
x→∞

µ(x) < 0.

Proof: If either of the two conditions is violated, if [a, b] is any finite interval

and if 0 < ε < (b − a)/2, then either the expected passage time of X(t) from

b+ ε to b− ε or the expected passage time from a− ε to a+ ε is infinite. On the

other hand the expected time, starting from any state x ∈ [a+ε, b−ε] for X(t)
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to reach either a − ε or b + ε is bounded. A simple renewal theory argument

therefore shows that there can be no stationary distribution for X(t), since

such a distribution would necessarily assign probability zero to the interval

[a+ ε, b− ε] and hence to every finite interval.

2

These conditions are satisfied if and only if one of the following is true:

1. α1,0 > 0 and αl,0 > 0;

2. α1,0 > 0, βl > 0 and αl,0 = 0;

3. αl,0 > 0, β1 < 0 and α1,0 = 0; or

4. α1,0 = α1,0 = 0, β1 < 0 and βl > 0.

The last of these represents the situation in which there is Brownian motion

at the outermost regimes, each with drift towards zero. In this case, neither

of the outermost sub-models is stationary, but the overall threshold model is

stationary.

4.3 Stationary Distributions

The distinction between the CTAR(1) processes with different boundary con-

ditions is apparent (unless σ(x) is continuous) in the stationary distributions

for the different processes.

If both conditions of Theorem 4.2.1 are satisfied I show that there is a sta-

tionary distribution by computing it explicitly. To do this, note that π(x) is a

stationary density for {X(t)} if and only if

∫ ∞
−∞
Gf(x)π(x)dx = 0 for all f ∈ D(G) (4.3.1)
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(see e.g. Breiman, 1968, p.346). Substituting from (4.1.5) and integrating by

parts gives

[µ(x)π(x)f(x) + Σ(x)π(x)f ′(x)− Σ(x)π′(x)f(x)]
∞
−∞

−
∫ ∞
−∞

[µ′(x)π(x) + µ(x)π′(x)− Σ(x)π′′(x)] f(x) = 0

for x /∈ {r1, · · · , rl−1} where I have used Σ′(x) = 0 for x 6= ri and it is as-

sumed that π(x) has continuous second derivatives for x 6= ri. Thus, using the

integrability of π, we obtain the forward Kolmogorov equation,

µ(x)π′(x) + µ′(x)π(x)− Σ(x)π′′(x) = 0, x /∈ {r1, · · · , rl−1}, (4.3.2)

with boundary conditions,

[µ(x)π(x)− Σ(x)π′(x)] f(x) + Σ(x)π(x)f ′(x) is continuous for all x. (4.3.3)

Integrating (4.3.2) yields

µ(x)π(x)− Σ(x)π′(x) = ci, ri−1 < x < ri. (4.3.4)

Then integrability of π implies that c1 = 0 and (4.3.3) then implies that ci = 0

for all i. Thus, (4.3.3) reduces to

σ2(x)π(x)
∂f

∂x
is continuous for all x.

So under the three boundary conditions given earlier, we obtain corresponding

conditions on the stationary density π(x):
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Condition A σ2
i π(x) is continuous at x = ri;

Condition B σiπ(x) is continuous at x = ri;

Condition C π(x) is continuous at x = ri.

Khazen (1961) considered piecewise linear diffusion processes and used the

continuity of the transition probability density as a boundary condition. The

above analysis shows that for CTAR(1) processes, this is equivalent to bound-

ary condition C.

Atkinson and Caughey (1968) in their determination of the spectral density

for the CTAR(1) process also require continuity of the transition probability

density. But since they specify the process with constant variance (σi = σ for

all i), there is no distinction between the three boundary conditions considered

here.

An expression for the stationary density may be obtained by integrating

(4.3.4). This gives

π(x) = ki exp[−αi,0(x+ βi/αi,0)2/σ2
i ], ri−1 < x < ri, i = 1, · · · , l, (4.3.5)

where k1, k2, · · · , kl are determined by
∫∞
−∞ π(x)dx = 1 and the boundary con-

ditions above.

Example 4.3.1: Consider the CTAR(1) process

dX(t) + 0.50X(t)dt = 0.50dW (t), if X(t) < 0,

dX(t) +X(t)dt = dW (t), if X(t) > 0.

From (4.3.5) we immediately find that the stationary density of
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{X(t)} is

π(x) =


k1e
−2x2

x < 0;

k2e
−x2

x > 0.

For boundary condition A, k2 = (4
√

2− 2)/(7
√
π) and k1 = 4k2; for

boundary condition B, k2 = (2
√

2 − 2)/
√
π and k1 = 2k2; and for

boundary condition C, k1 = k2 = (4− 2
√

2)/
√
π.

Figure 4.3.1 shows the stationary distributions for the process with

the different boundary conditions.

Figure 4.3.1: The stationary density functions for the CTAR(1) process given in Example
4.3.1 with boundary conditions A, B and C.

Example 4.3.2: Consider the two-threshold CTAR(1) process,

dX(t) + 0.18X(t)dt = 1.2dW (t), if X(t) < −0.5,

dX(t) + 0.50X(t)dt = dW (t), if −0.5 ≤ X(t) < 0.5,

dX(t) + 0.80X(t)dt = 0.4dW (t), if X(t) ≥ 0.5.
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Figure 4.3.2: The stationary density functions for the CTAR(1) process given in Example
4.3.2 with boundary conditions A, B and C.

From (4.3.5) the stationary density of {X(t)} is

π(x) =



k1e
−0.125x2

x < −0.5;

k2e
−0.5x2 −0.5 < x < 0.5;

k3e
−5x2

x > 0.5

where k2 = ae0.09375k1 and k3 = be1.21875k1. For boundary condition

A, k1 ≈ 0.2039, a = 1.44 and b = 9; for boundary condition B,

k1 ≈ 0.2678, a = 1.2 and b = 3; and for boundary condition C,

k1 ≈ 0.3107, and a = b = 1.

Figure 4.3.2 shows the stationary distributions for the process with

the different boundary conditions.
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4.4 Moments of the Stationary Distribution

From (4.3.5), it is possible to derive analytic expressions for the moments of the

stationary distribution. The first two moments are given here. These will be

useful later in fitting CTAR(1) models to data using the Gaussian likelihood.

The first moment is

µ1 =
∫ ∞
−∞

xπ(x)dx

=
l∑

i=1

ki

∫ ri

ri−1

x exp
[
−αi,0(x+ βi/αi,0)2/σ2

i

]
dx

=
l∑

i=1

ki

∫ ri+βi/αi,0

ri−1+βi/αi,0

(
u− βi

αi,0

)
exp

[
−αi,0u

2

σ2
i

]
du

=
l∑

i=1

ki
[
f
(
ri + βi

αi,0

)
− f

(
ri−1 + βi

αi,0

)]

where

f(x) =
−σ2

i

2αi,0
exp

[
−αi,0x

2

σ2
i

]
− βiσi

√
π

α
3/2
i,0

Φ
(
x
√

2αi,0

σ2
i

)

and Φ(·) denotes the standard normal cumulative distribution function.

Similarly, the second moment is

µ2 =
∫ ∞
−∞

x2π(x)dx

=
l∑

i=1

ki

∫ ri

ri−1

x2 exp
[
−αi,0(x+ βi/αi,0)2/σ2

i

]
dx

=
l∑

i=1

ki

∫ ri+βi/αi,0

ri−1+βi/αi,0

(u− βi

αi,0
)2 exp

[
−αi,0u

2

σ2
i

]
du

=
l∑

i=1

ki
[
g
(
ri + βi

αi,0

)
− g

(
ri−1 + βi

αi,0

)]
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where

g(x) =
σ2
i

αi,0

(
βi
αi,0
− x

2

)
exp

(
−αi,0x

2

σ2
i

)
+
σi
√
π

α
3/2
i,0

(
σ2
i

2
+

β2
i

αi,0

)
Φ
(
x
√

2αi,0

σ2
i

)
.

4.5 Approximating SDEs

4.5.1 CTAR(1) processes with a boundary

Define the CTAR(1) process {Xδ(t)} with boundary width 2δ > 0 exactly as

the CTAR(1) process defined in (4.1.1) except that the coefficients α0(x), β(x)

and σ(x) are modified so that they are made continuous in x. Specifically,

define

α0(x) = αi,0, β(x) = βi, σ(x) = σi > 0 for ri−1 + δ < x < ri − δ,

(4.5.1)

and define α0(x), β(x) and σ(x) by linear interpolation for ri− δ < x ≤ ri + δ.

Thus, {Xδ(t)} is a diffusion process with continuous drift and diffusion coeffi-

cients. By Theorem 1 of Gikhman and Skorohod (1969, p.392), the diffusion

equation (4.1.1) with coefficients defined by (4.5.1) has a unique solution.

The stationary density πδ(x) of {Xδ(t)} can be obtained using the general

method of Karlin and Taylor (1981, p.221). Integrate (4.3.2) to obtain

σ2(x)π′δ(x)− 2µ(x)πδ(x) = k
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where k is a constant. Multiplying by the integrating factor

I(x) = exp

(
−
∫ x 2µ(u)

σ2(u)
du

)
= exp

(
2
∫ x α0(u)u+ β(u)

σ2(u)
du

)

yields

d

dx
{σ2(x)I(x)πδ(x)} = kI(x).

Thus

πδ(x) =
kS(x)

σ2(x)I(x)
+

c

σ2(x)I(x)
, (4.5.2)

where S(x) =
∫ x I(u)du. Consideration of the limit of (4.5.2) as |x| → ∞ gives

k = 0. Thus

πδ(x) =
c

σ2(x)I(x)
(4.5.3)

where c is the uniquely determined constant such that
∫∞
−∞ πδ(x)dx = 1.

Now, since µ(x) and σ2(x) are continuous in x, so is I(x) and thus πδ(x)σ2(x)

is continuous in x. Substituting α0(x), β(x) and σ(x) in (4.5.3) we can easily

write down πδ(x) quite explicitly. Here, however, simply observe that the limit

of this density as δ → 0 is given by (4.3.5) where the constants k1, k2, . . . , kl

are determined by
∫∞
−∞ π(x)dx = 1 and boundary condition A.

Note that it is has not been shown that the approximating process converges

as δ → 0 to a CTAR process with boundary condition A but that the limit

of the stationary distribution is consistent with its convergence to a process

having boundary condition A. Numerical results suggest that the approximat-

ing process does converge to the required CTAR process but this has not been

shown analytically.
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4.5.2 CTAR(1) processes with a white noise approximation

Other approximations lead to different boundary conditions. Let {Yn(t)} be

a continuous time Markov process defined on the state space {−
√
n,
√
n} and

with generator

−n n

n −n

 and define In(t) =
∫ t

0 Yn(u)du. Then {In(t)} con-

verges weakly to Brownian motion as n → ∞ (see Brockwell, Resnick and

Pacheco-Santiago, 1982). A realisation of these processes is shown in Figure

4.5.1.

Figure 4.5.1: A possible realisation of Yn(t) and In(t) =
∫ t

0
Yn(u)du. As n → ∞, In(t)

converges to Brownian motion. Here, n = 100.

Therefore we may define the approximating process {Xn(t), t ≥ 0} to be the

solution of equation (4.1.1) with {W (t)} replaced by {In(t)}. That is

dXn(t) + α0(Xn(t))Xn(t)dt+ β(Xn(t))dt = σ(Xn(t))Yn(t).

Consideration of the generator of the process {(Xn(t), Yn(t))} as n→∞ leads
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to boundary condition B.

4.6 Discrete Time Approximations

In this section, I consider the problem of approximating the CTAR(1) process

{X(t)} by a random broken line with vertices defined by a discrete time Markov

chain on the times 0 = t0 < t1 < t2 < · · ·. Such approximations are frequently

used in the numerical study of diffusion processes (see, e.g. Gikhman and

Skorohod, 1969). Several such approximations are derived; it will be shown

that each approximation implicitly determines the boundary conditions.

I consider Markov chain approximations to the stochastic differential equa-

tion for a CAR(1) process, generalise them to allow for non-linearity at the

thresholds, and obtain the boundary conditions by considering the limiting

properties of the generator of the approximating process. The results of Kurtz

(1975) guarantee the weak convergence of the approximating process to the

CTAR(1) process with the appropriate boundary condition.

One approach is to approximate a CAR(1) process using the Euler method of

time discretisation. This yields the Markov chain

Xn(t+ n−1) = Xn(t)− n−1(α0Xn(t) + β) + n−
1
2σZn(t) (4.6.1)

where t = 0, 1
n
, 2
n
, . . ., {Zn(t)} is a sequence of iid random variables with zero

mean and unit variance and Xn(0) is independent of {Zn(t)} and has the

same distribution as X(0). Sample paths of {Xn(t)} between t = j/n and

t = (j + 1)/n, (j = 0, 1, 2, . . .) are defined by linear interpolation. Then, with
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some conditions on {Zn(t)} (Gikhman and Skorohod, 1969, p.460), the process

{Xn(t)} will converge weakly to {X(t)} on a finite interval of time as n→∞.

Higher order approximations are available (Platen, 1987) but will not be con-

sidered here.

A threshold analogue of (4.6.1) is

Xn(t+ n−1) = Xn(t) + n−1µ(Xn(t)) + n−1/2σ(Xn(t))Zn(t), (4.6.2)

where µ(x) and σ(x) are defined in (4.1.2) and (4.1.3). To complete the def-

inition, I shall (arbitrarily) define the values of µ(ri) and σ(ri) as µ(r+
i ) and

σ(r+
i ) respectively. Here and later I use the notation

g(x+) := lim
h→0,h>0

g(x+ h) and g(x−) := lim
h→0,h>0

g(x− h).

Two approximations considered below are special cases of (4.6.2) where the

distribution of Zn(t) is specified. It will be shown that these converge to a

CTAR(1) process with boundary condition A.

4.6.1 Binary increments

The simplest method is to let Pr(Zn(t) = −1) = Pr(Zn(t) = 1) = 1
2
. Then the

Gikhman–Skorohod conditions are satisfied. Furthermore, Milshtein (1978)

shows that for the CAR(1) approximation given by (4.6.1) the one-step mean-

square error

E
{[
Xn(t+ n−1)−X(t+ n−1)

]2
|X(t) = Xn(t) = x

}
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is of order n−1 and the one-step mean error

E
{
Xn(t+ n−1)−X(t+ n−1) |X(t) = Xn(t) = x

}

is of order n−2.

Now consider the CTAR(1) approximation given by (4.6.2) where Zn(t) takes

the values ±1 each with probability 1
2

and let f be a function in the domain

of the generator of {Xn(t)}. Then

E [f(Xn(s+ δ)) |Xn(s) = x] =
1

2
f
(
x+ µ(x)δ + σ(x)δ

√
n
)

+
1

2
f
(
x+ µ(x)δ − σ(x)δ

√
n
)

where 0 < δ ≤ n−1 and the two terms on the right hand side correspond to the

events Zn(t) = 1 and Zn(t) = −1 respectively. Using the mean value theorem,

we obtain

E [f(Xn(s+ δ)) |Xn(s) = x]− f(x)

δ
=

1

2

(
µ(x) + σ(x)

√
n
)
f ′(x+ ε1)

+
1

2

(
µ(x)− σ(x)

√
n
)
f ′(x− ε2),

where, if n is sufficiently large, 0 < ε1 < µ(x)δ + σ(x)δ
√
n and 0 < ε2 <

µ(x)δ − σ(x)δ
√
n. Hence, the limit of the generator of {Xn(t)},

Gf(x) = lim
n→∞

lim
δ→0

E [f(Xn(s+ δ) |Xn(s) = x]− f(x)

δ
,

exists if and only if f ′(x) is continuous for all x. That is, boundary condition

A.
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Under this condition, the generator of {Xn(t)} is

µ(x)f ′(x) + Σ(x)f ′′(x) +O(n−
1
2 )

which converges uniformly to the right hand side of equation (4.1.5). Thus,

by Theorem 4.29 of Kurtz (1975), {Xn(t)} converges weakly to the CTAR(1)

process with boundary condition A.

This approximation consists of random broken lines with vertices determined

by the Markov chain {Xn(j/n); j = 0, 1, 2, . . .}. Define for j
n
< t < j+1

n

m(t) =


µ(Xn(t)) + σ(Xn(t))

√
n if Zn(j/n) = 1.

µ(Xn(t))− σ(Xn(t))
√
n if Zn(j/n) = −1.

Then, the slope of the line segment at time j
n
< t < j+1

n
is m(j/n). Thus,

Xn( j
n

+ δ) = Xn( j
n
) +m( j

n
)δ, 0 < δ ≤ 1

n
.

A natural modification of this approximating process is to introduce an extra

vertex whenever the process crosses the threshold and change the slope of

the new segment, between the threshold and the next vertex, according to

the parameters of the regime entered. Thus, whenever Xn(t + n−1) is on the

opposite side of the threshold, ri, from Xn(t), redefine Xn(t+ δ) as

X∗n(t+ δ) =


ri +m(t+ τ)(δ − τ) 0 < τ ≤ δ ≤ n−1

Xn(t) +m(t)δ 0 < δ < τ or 0 = τ < δ

where τ = [ri −Xn(t)] /m(t) is the time from t before the threshold is crossed.

Using this modification, the same approach as above is followed to obtain the
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equation

E [f(Xn(s+ δ)) |Xn(s) = ri]− f(ri)

δ
=

1

2

(
µ(r+

i ) + σ(r+
i )
√
n
)
f ′(r+

i + ε1)

+
1

2

(
µ(r−i )− σ(r−i )

√
n
)
f ′(r−i − ε2),

where, if n is sufficiently large, 0 < ε1 < µ(r+
i )δ + σ(r+

i )δ
√
n and 0 < ε2 <

µ(r−i )δ − σ(r−i )δ
√
n.

Thus, the limit of the generator of the modified process exists if and only if

[
σ(r+

i )f ′(ri + ε1)− σ(r−i )f ′(ri − ε2)
]
→ 0 as n→∞.

That is, boundary condition B.

A slightly simpler modification to the Markov chain is obtained by multiplying

Xn(t+n−1)− ri by σ(Xn(t+n−1))/σ(Xn(t)) whenever Xn(t+n−1) as defined

by (4.6.2) is on the opposite side of the threshold ri from Xn(t). This allows

for the change in σ(x) on crossing the threshold. For example, if Xn(t) < ri <

Xn(t+ n−1), we redefine Xn(t+ n−1) as

X∗n(t+ n−1) = ri +
(
Xn(t+ n−1)− ri

) σi+1

σi
.

Equivalently, let

X∗n(t+ δ) = ri +m(t)
σi+1

σi
(δ − τ), 0 < τ < δ ≤ n−1.

Then, following the above approach, we also obtain boundary condition B.
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4.6.2 Gaussian increments and equal time steps

A common alternative approach is to let Zn(t)
d
= N(0, 1) in (4.6.1). See, for

example, Cox and Miller (1965, p.207) and Ozaki (1985, p.55). Again, the

Gikhman–Skorohod conditions are satisfied. For CAR(1) processes, the one-

step mean-square error is of order n−2 (Milshtein, 1974) and the one-step mean

error is of order n−2 (Milshtein, 1978).

Now consider the CTAR(1) approximation defined by (4.6.2) where {Zn(t)}

denotes an iid sequence of standard normal variates. Then, following the above

approach, we obtain for f in the domain of the generator of Xn(t)

E [f(Xn(s+ n−1)) |Xn(s) = x]− f(x)

n−1

=
∫ ∞
−∞

[
µ(x) + σ(x)z

√
n
]
f ′(x+ ε(z))φ(z)dz

where ε(z) ∈
[
0, µ(x)n−1 + σ(x)n−

1
2 z
]

and φ(z) denotes the standard normal

density function. Taking the limit as n → ∞, we see that Gf(x) exists for

all x if and only if f ′(x) is continuous for all x. That is, the approximating

sequence gives boundary condition A as n→∞.

As with the binary increment process, this Markov chain approximation can

also be modified to obtain boundary condition B.

4.6.3 Exponential increments and exponential time steps

A more complicated approach is to use random time steps. Let {Uk} be a

sequence of iid random variables such that Uk
d
= exp( 1

n
), let tk+1 = tk + Uk

and Zn(tk) =
√
nUk if k is odd and Zn(tk) = −

√
nUk if k is even. Then the
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CAR(1) process may be approximated by

Xn(tk+1) = Xn(tk)− [α0Xn(t) + β] ∆tk + σ
√

∆tkZn(tk) (4.6.3)

where ∆tk = Uk and Xn(0) is independent of {Zn(tk)} and has the same

distribution as X(0).

The validity of this approximation is demonstrated as follows. Let {Yn(t)} be

the continuous time Markov process with state space {−
√
n,
√
n} defined in

Section 4.5.2. Then the length of time Yn(t) spends in each state is a random

variable distributed exponentially with mean 1
n

and independent of Yn(s) for

all s 6= t (Karlin and Taylor, 1981, pp.145–146). Thus, if t1, t2, . . . denote the

times at which Yt changes state and tk < t ≤ tk+1, then

In(t) =
∫ t

0
Yn(u)du =


In(tk) +

√
n(t− tk) if k odd;

In(tk)−
√
n(t− tk) if k even.

Hence,

In(tk+1) = In(tk) +
√
nUk = In(tk) +

√
∆tkZn(tk).

As discussed in Section 4.5.2, {In(t)} converges weakly to Brownian motion as

n→∞. So
√

∆tkZn(tk) can be used to approximate increments of Brownian

motion and (4.6.3) converges weakly to a CAR(1) process.

The threshold analogue of (4.6.3) is given by

Xn(tk+1) = Xn(tk) + µ(Xn(tk))∆tk + σ(Xn(t))
√

∆tkZn(tk). (4.6.4)

Using the same argument as given previously, this process also leads to bound-

ary condition A. The modified process obtained by introducing an extra vertex

when the process crosses a threshold leads to boundary condition B.
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4.6.4 Random walk

A different approach is available using an approximating random walk. Let Xt

be a random walk with steps of size ∆x in time intervals of ∆t. Let p(x) be the

probability of step +∆x from state x and q(x) = 1 − p(x) be the probability

of step −∆x from state x. Then choose step size ∆x = kσ
√

∆t for some k ≥ 1

and let

p(x) =
∆t

2(∆x)2

[
σ2 − (α0x+ β)∆x

]
(4.6.5)

q(x) =
∆t

2(∆x)2

[
σ2 + (α0x+ β)∆x

]
. (4.6.6)

In the simple case that ∆x = σ
√

∆t, these simplify to

p(x) =
1

2

[
1− (α0x+ β)

√
∆t

σ

]

q(x) =
1

2

[
1 +

(α0x+ β)
√

∆t

σ

]
.

The process Xt converges weakly as ∆t → 0 to a CAR(1) process (see, for

example, Cox and Miller, 1965, pp.213–214).

This method may be extended to the CTAR(1) case by defining similar random

walks on each regime but with different step sizes. In order to allow for the

boundary conditions, it is necessary to include all thresholds in the state space.

Thus, step sizes for the outermost regimes can be calculated as in the linear

case with ∆xi = σi
√

∆t, but in the ‘internal’ regimes, it is necessary to have

a slightly larger step size in order to include the thresholds in the state space.
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So for ri−1 < Xt < ri, the step size may be chosen as follows:

∆xi =


σi
√

∆t if i = 1 or i = l;

(ri − ri−1)
/⌊

ri−ri−1

σi

√
∆t

⌋
if 1 < i < l,

(4.6.7)

where b c denotes the integer formed by truncation. The transition probabili-

ties for ri−1 < Xt < ri may be obtained from (4.6.5) and (4.6.6). To complete

the description of the approximating random walk, we need to define the tran-

sition probabilities at the thresholds. Different transition probabilities lead to

different boundary conditions.

Consider the case of a CTAR(1) process with one threshold at r. The extension

of the following results to allow an arbitrary number of thresholds is quite

straight forward.

Approximate the CTAR process {X(t)} by a random walk with step sizes

σi
√

∆t and transition probabilities defined by (4.6.5) and (4.6.6). Let p∗ be

the probability of a step in the positive direction from the threshold r. We

first calculate

E [f(X∆t) |X0 = r] = p∗f(r + σ2

√
∆t) + (1− p∗)f(r − σ1

√
∆t)

where f is a function in the domain of G, the generator of {X(t)}. Thus

E [f(X∆t) |X0 = r]− f(r)

∆t

=
1

∆t

[
p∗f(r + σ2

√
∆t) + (1− p∗)f(r − σ1

√
∆t)− f(r)

]
=

√
∆t

∆t
[p∗σ2f

′(r + ε2)− (1− p∗)σ1f
′(r − ε1)]
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for 0 < ε1 < σ1∆t and 0 < ε2 < σ2∆t by the mean value theorem. Hence,

Gf(r) = lim
t↓0

E [f(Xt) |X0 = r]− f(r)

t

exists if and only if

p∗σ2f
′(r+) = (1− p∗)σ1f

′(r−). (4.6.8)

Now different boundary conditions can be expressed in terms of f by plugging

in different values of p∗ in (4.6.8). Plugging p∗ = 1
2

into (4.6.8) gives the bound-

ary condition B. Other choices of p∗ lead to alternative boundary conditions.

For example, p∗ = σ1

σ1+σ2
leads to boundary condition A and p∗ = σ2

σ1+σ2
leads

to boundary condition C.



Chapter 5

HIGHER ORDER CONTINUOUS TIME
THRESHOLD AR PROCESSES

This chapter extends some of the results of the previous chapter and defines

CTAR processes of order p > 1. In Section 5.1, a CTAR(p) process with

boundary width 2δ > 0 is defined as the first component of a p-dimensional

Markov process defined by a stochastic differential equation. The CTAR(1)

process with boundary condition A defined in the previous chapter may be

considered as the limit of the CTAR(1) process defined here as δ → 0. Section

5.2 defines a pth order version of the approximating Markov chain with binary

increments introduced in Section 4.6.1. Using this approximation equations

are derived for conditional expectations. The nature of a regularly spaced

sample from a CTAR process is considered in Section 5.3.

86
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5.1 Definition of a CTAR(p) Process

Analysis of the CTAR(p) process when p > 1 is more complicated than that of

the CTAR(1) process since it involves the analysis of a p-dimensional diffusion

process. To overcome the difficulties associated with diffusion processes of

order p > 1 having discontinuous diffusion and drift coefficients, a CTAR(p)

process is defined by generalising the approximation given in Section 4.5.1.

Define the CTAR(p) process X(t) with a boundary width 2δ > 0 exactly as the

CAR(p) process defined in (2.1.3) except that the parameters α0, α1, . . . , αp−1,

β and σ are allowed to depend on X(t). Specifically, define X(t) to be the first

element of the stationary p-dimensional process S(t) satisfying

dS(t) = A(X(t))S(t)dt− bβ(X(t))dt+ bσ(X(t))dW (t) (5.1.1)

where

A(x) =



0 1 0 · · · 0

0 0 1
. . .

...

...
...

. . . . . . 0

0 0 · · · 0 1

−α0(x) −α1(x) −α2(x) · · · −αp−1(x)


, b =



0

0

...

0

1


,

αj(x) = αj,i, β(x) = βi, σ(x) = σi > 0, for ri−1 + δ < x ≤ ri − δ,

(5.1.2)

and αj(x), β(x) and σ(x) are defined by linear interpolation for ri − δ < x ≤

ri + δ. The thresholds values −∞ = r0 < r1 < · · · < rl =∞ partition the real

line.

By Theorem 4 of Gikhman and Skorohod (1969, p.402), equation (5.1.1) has a
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unique solution {S(t)} which is a diffusion process with continuous drift and

diffusion coefficients

µ(x) = A(x1)x− β(x1)b and Σ(x) =
σ2(x1)

2
bbT

where x1 denotes the first component of the p-vector, x.

As shown in Section 4.5.1, limit as δ → 0 of the stationary distribution of

this process is consistent with its convergence to a process having boundary

condition A. The CTAR(1) processes with other boundary conditions have not

been generalised to higher orders.

5.2 An Approximating Markov Chain

As with CTAR(1) processes, it will be useful to consider a discrete time Markov

chain which approximates the above diffusion process. This approximation will

provide a useful tool in analysing and developing inference for CTAR models.

I shall use a generalisation of the Euler approximation with binary increments

introduced in Section 4.6.1.

Consider the sequence of processes,

Xn(t) = [1, 0, . . . , 0]Sn(t), t = 0,
1

n
,

2

n
, . . . , (5.2.1)

where

Sn(t+ 1/n) = Sn(t) + n−1µ(Sn(t)) + n−1/2σ(Xn(t))bZn(t), (5.2.2)

and {Zn(t)} is an i.i.d. sequence such that Pr(Zn(t) = −1) = Pr(Zn(t) = 1) =
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1
2
. It is also assumed that the initial state Sn(0) has the same distribution as

S(0) and is independent of the binary sequence {Zn(t)}. The process {Sn(t)}

defined by (5.2.2) is clearly Markovian.

The argument in Theorem 1 of Gikhman and Skorohod (1969, p.460) may

be extended to processes of order p > 1 to show that for δ > 0, the finite-

dimensional distributions of the process {Sn(t), t ≥ 0} (with sample paths

linear between t = j/n and t = (j + 1)/n, j = 0, 1, 2, . . .) converge to those of

{S(t)} as n→∞.

I have not been able to extend this argument to the case where δ = 0. However,

numerical results based on the approximating discrete-time process are found

to be essentially the same for all sufficiently small δ > 0 as for δ = 0. Therefore,

I shall base all numerical results on the approximating process defined by

(5.2.1) and (5.2.2) with δ = 0 without making explicit reference each time to

the value of δ. The results can be regarded as applying to a threshold CTAR

process with narrow boundary.

To use the discrete-time process for modelling, we shall need the conditional

expectations,

mn(x, t) := E(Xn(t) |Sn(0) = x) and m(x, t) := lim
n→∞

mn(x, t)

and the corresponding higher moments

mn,j(x, t) := E(Xj
n(t) |Sn(0) = x) and mj(x, t) := lim

n→∞
mn(x, t).
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The mean square prediction errors are then

vn(x, t) := mn,2(x, t)−m2
n(x, t) and v(x, t) := lim

n→∞
vn(x, t).

From (5.2.2), we obtain the backward Kolmogorov equations,

mn(x, t+ n−1) =
1

2
mn

(
x+ n−1µ(x) + n−1/2σ(x1)b , t

)
+

1

2
mn

(
x+ n−1µ(x)− n−1/2σ(x1)b , t

)
, (5.2.3)

with the initial condition,

mn(x, 0) = x1. (5.2.4)

The corresponding higher moments, mn,j(x, t) satisfy the same equation (5.2.3)

and the slightly modified initial condition (5.2.4) with the right hand side

replaced by xj1.

These equations clearly determine the moments mn(x, t) and mn,j(x, t)

uniquely.

Alternative approximations of m(x, t) and v(x, t) may be obtained using the

piecewise linear predictors and piecewise constant mean square prediction er-

rors for X(ti+1) computed for a linear process depending on the regime in which

X(ti) falls. That is, using (2.1.6) and (2.1.8), we define the approximations

mPL(x, t) := aT
[
eA(x1)tx− β(x1)

∫ t

0
eA(x1)(t−u)bdu

]
, (5.2.5)

and vPL(x, t) := aT
[
σ(x1)2

∫ t

0
eA(x1)(t−u)bbT eA

T (x1)(t−u)du
]
a (5.2.6)

where a = [1, 0, . . . , 0]T .
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Example 5.2.1: Figure 5.2.1 shows, mn([x, 0], 1), the one-step pre-

dictors for the CTAR(2) process with boundary r = 0 and parame-

ters

α1,0 = 5.0, α1,1 = 5.0, σ1 = 5, β1 = 20.0,

α2,0 = 2.0, α2,1 = 2.0, σ2 = 10, β2 = 25.0.

Notice the deviation from linearity in x of the predictors. Values are

given for n = 10, n = 100 and n = 500. The values for n = 100

and n = 500 are virtually indistinguishable and close also to the

corresponding values for n = 10.

Figure 5.2.1: The one-step predictors mn([x, 0], 1) for the CTAR(2) process defined in Ex-
ample 5.3.1. Also shown is mPL([x, 0], 1).

Figure 5.2.2 shows the one-step mean-squared errors vn([x, 0], 1) for

the same parameter values. Notice that as we move away from the

boundary at x = 0, the mean squared errors approach the corre-

sponding values for the processes without any threshold. For n=100
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Figure 5.2.2: The one-step mean square errors vn([x, 0], 1) for the CTAR(2) process defined
in Example 5.3.1. Also shown is vPL([x, 0], 1).

and 500 these values are extremely close to the mean-squared errors

.399 (x < 0) and 6.874 (x > 0) for the CAR(2) processes correspond-

ing to the parameters below and above the threshold.

Example 5.2.2: Figure 5.2.3 shows the one-step predictors

mn(x, 1) for the CTAR(1) process with boundary r = 0 and pa-

rameters

α1,0 = 0.5, β1 = 0, σ1 = 0.5,

α2,0 = 1.0, β2 = 0, σ2 = 1.0.

Values are plotted for n = 10 and n = 100 together with a piecewise

linear graph showing the one-step predictors for the linear processes

defined by the parameter values below and above the threshold. The

three graphs are virtually indistinguishable.
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Figure 5.2.3: The one-step predictors mn(x, 1) for the CTAR(1) process given in Example
5.3.2 where n = 10 and n = 100. Also shown are the one-step predictors, mPL(x, 1), for the
linear processes defined on each regime.

Figure 5.2.4: The one-step mean-squared errors, vn(x, 1) for the CTAR(1) process given in
Example 5.3.2 where n = 10 and n = 100. Also shown are the one-step mean-squared errors,
vPL(x, 1), for the linear processes defined on each regime.



CHAPTER 5. HIGHER ORDER CONTINUOUS TIME THRESHOLD AR PROCESSES 94
5.2. An Approximating Markov Chain

Figure 5.2.4 shows the one-step mean-squared errors vn(x, 1) for the

same parameter values. The two constant values plotted above and

below the threshold again correspond to the linear processes defined

by the parameter values above and below the threshold.

The functions m(x, t) and v(x, t) for t = 1, 2 and 5 are shown in Fig-

ures 5.2.5 and 5.2.6 respectively. As expected, the values of m(x, t)

and v(x, t) for t > 10 are very close to the mean, 0, and variance,

.35355, of the stationary distribution derived in Example 4.3.1.

Figure 5.2.5: The best predictors m(x, t), −5 ≤ x ≤ 5, for Example 5.3.2 with lead times
t = 1, 2 and 5.

Notice also that for small t, m(x, t) is reasonably well approximated

by the solution m∗(x, t) = x exp[−α0(x)t] of the corresponding defin-

ing equations with the white noise terms set equal to zero. This solu-

tion may also be obtained using the predictors for the linear processes

defined on each regime. In general however, this approximation will
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Figure 5.2.6: Conditional mean squared errors v(x, t), −5 ≤ x ≤ 5, of the predictors in
Figure 5.3.5.

not be good for large values of the lead time, t.

Figures 5.2.7 and 5.2.8 illustrate the difference between the CTAR(1)

process with the same parameters but different boundary conditions.

The difference between the conditional means (Figure 5.2.7) is rel-

atively small. However the difference between the one-step mean-

squared errors is more pronounced, as seen in Figure 5.2.8.

5.3 Regularly Sampled CTAR Processes

As discussed in Section 2.5, a sample from a linear CAR(p) process taken at

regularly spaced time intervals follows a discrete time ARMA(p, p−1) process.

This leads one to consider whether an equally spaced sample from a CTAR(p)
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Figure 5.2.7: The one-step predictors for the CTAR(1) process given in Example 5.3.2 with
different boundary conditions.

Figure 5.2.8: The one-step mean squared errors for the CTAR(1) process given in Example
5.3.2 with different boundary conditions.
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process also has a simple discrete time interpretation. Unfortunately, this is

not the case.

Of course, when a CTAR process remains within a regime for a long time, its

behaviour will resemble that of a CAR(p) process, and equally spaced observa-

tions taken during that time will therefore appear to follow an ARMA(p, p−1)

model. If it is assumed that a CTAR process can cross a regime no more than

once between observations, then the sampled process will be ‘close’ to a discrete

time threshold process where the sub-model in each regime is an ARMA(p,p−1)

model. However, the result is not exact since discrete time models allow model

changes only at the times of observation whereas a CTAR process may cross a

threshold between observations. Furthermore, assuming the process crosses a

regime no more than once between observations is unrealistic as will be shown

in the next chapter.



Chapter 6

CONTINUOUS TIME THRESHOLD
AUTOREGRESSIVE MODELLING

In this chapter, I consider the problem of estimating a CTAR model from

observations {x(ti)} at the discrete times t1, . . . , tN . Given observations of

a CTAR process where the order and number of regimes is specified, we are

concerned with the computation of one-step forecasts, the corresponding mean

squared errors and the related problem of parameter estimation by maximisa-

tion of the Gaussian likelihood. This is also the approach of Yeung (1989) and

Tong and Yeung (1991) who make the approximation that between successive

observations in the same regime, the process evolves as the linear process ap-

propriate to that regime. Tong and Yeung’s approach is described in Section

6.1. Sections 6.2 and 6.3 develop a different approach based on the discrete

time Markov chain approximation described in Chapter 5. A number of sim-

ulated and real data sets are analysed and the results compared with those

obtained from the method of Tong and Yeung.

The modelling paradigm for CAR processes outlined in Section 3.3 is extended

in Section 6.4 to CTAR processes. This involves selection of order, testing

98



CHAPTER 6. CONTINUOUS TIME THRESHOLD AUTOREGRESSIVE MODELLING 99
6.1. The Tong–Yeung Approach to Estimation

for non-linearity, selection of the number of regimes, model estimation and

diagnostic checking. Forecasting is discussed separately in Section 6.5. It is

suggested that highest density regions should be used as forecast regions.

6.1 The Tong–Yeung Approach to Estimation

Tong and Yeung (1991) developed an estimation procedure for CTAR models

by modifying the maximum likelihood estimation algorithm for CAR models

described in Section 3.2. Their approach was first mentioned in Tong (1989)

and is also discussed in detail by Yeung (1989). Tong (1990, p.321) is a further

reference.

In modifying the algorithm for estimating CAR processes, they make two

approximations:

1 if x(ti) and x(ti+1) lie in the same regime, then x(t) remains within that

regime during the period (ti, ti+1); and

2 if x(ti) and x(ti+1) lie in different regimes, then the integral path of x(t)

crosses the threshold between the regimes once and once only during the

time interval (ti, ti+1).

The Tong–Yeung method is analogous to that of Section 3.2 except that it uses

the piecewise linear predictors and piecewise constant mean square prediction

errors for X(ti+1) computed from one of l linear processes depending on which

regime x(ti) falls. That is, they apply the Kalman recursions with model

parameters changing according to the value of x(ti) in order to compute the

one-step predictor of X(ti+1) and its mean square error.
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They also make an adjustment when x(ti) and x(ti+1) are on opposite sides of

a threshold. I have omitted this adjustment when implementing their method,

since by allowing the predictor of X(ti+1) and its mean squared error to depend

on x(ti+1), artificially low one-step mean squared errors were obtained and the

estimators were not as good as those obtained without the adjustment.

Simulations show that the two assumptions on which Tong and Yeung base

their method are unrealistic. Figure 6.1.1 gives two examples of simulated

CTAR(1) processes. The processes were simulated using the Markov chain

approximation

Xn(t+ n−1) = Xn(t) + n−1µ(Xn(t)) + n−1/2σ(Xn(t))Zn(t) (6.1.1)

where Pr(Zn(t) = −1) = Pr(Zn(t) = 1) = 1
2
, n = 1000 and δ = 0 (see Section

4.6.1 for details). The parameters used were those defined in Examples 4.3.1

and 4.3.2. The process was observed at unit intervals; the observation points

are circled. Clearly, Tong and Yeung’s assumptions are violated for these

processes. Between most observations, the process switches regimes many

times. This occurs for consecutive observations that lie in the same regime

and for consecutive observations that lie in different regimes. In the second

example, there are cases where the observations lie in adjacent regimes and

the process travels into the third regime between the observations. There are

also cases where the observations do not even lie in adjacent regimes. These

examples are not pathological but typical of many CTAR(1) processes I have

simulated. Higher order processes are often smoother than first order processes,

but even then simulations indicate that the above assumptions are dangerous.

Tong and Yeung are, of course, aware of the problems inherent in their assump-
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Figure 6.1.1: Simulated CTAR(1) processes demonstrating that the processes may cross the
thresholds many times between observations. Observations are marked with circles at unit
intervals.
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tions. Tong and Yeung (1989) say “whether the above assumption is valid or

not clearly depends on the data at hand” and later “the application of con-

tinuous time TAR models is somewhat limited due to the unknown switching

conditions.” Tong (1990, p.321) goes further and states that “it is intuitively

clear that the assumptions above will be satisfied if the sampling intervals are

sufficiently small.” However, Figure 6.1.1 shows that even when the sampling

intervals are very small (say 0.1), the assumptions may be violated. In practice

the observer may not be able to choose the sampling interval.

The next two sections introduce estimation methods which do not place as-

sumptions on the switching conditions between observations. The resulting

estimates will be compared to those obtained using Tong and Yeung’s method.

6.2 Estimation of CTAR(1) Models

Define the conditional expectations

m(x, t) = E [X(t) |X(0) = x] ,

m2(x, t) = E
[
X2(t) |X(0) = x

]
,

v(x, t) = m2(x, t)−m2(x, t),

mi = m (x(ti−1), ti − ti−1)

and vi = v (x(ti−1), ti − ti−1)

where i ≥ 2. Thus, mi+1 denotes the one-step predictor of X(ti) and vi+1

denotes the one-step mean squared error. Our aim will be to maximise the
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Gaussian likelihood of the data, namely

L(θ;x(t1), . . . , x(tN)) := (2π)−N/2(v1v2 · · · vN)−1/2 exp

{
−

N∑
i=1

(x(ti)−mi)
2

2vi

}
,

where θ denotes the vector of parameters to be estimated, or equivalently to

minimise

−2 logL = N log(2π) +
N∑
i=1

log vi +
N∑
i=1

(x(ti)−mi)
2

vi
. (6.2.1)

We define m1 := EX(t1) and v1 := Var(X(t1)). These may be calculated for

given parameter values αi,0, βi and σi (i = 1, . . . , l) and threshold values ri,

(i = 1, . . . , l − 1) using the results of Section 4.4.

Then mi and vi (i ≥ 2) may be calculated using the piecewise linear approxi-

mations

mi ≈ mPL (x(ti−1), ti − ti−1) and vi ≈ vPL (x(ti−1), ti − ti−1)

given by equations (5.2.5) and (5.2.6). I shall refer to the estimation using

these approximations as Method A.

An alternative approach to calculating mi and vi is to use the approximations

mi ≈ mn (X(ti−1), ti − ti−1) and vi ≈ vn (X(ti−1), ti − ti−1)

where n = k/(ti − ti−1) for a large integer k. These are obtained by solving

(5.2.3) and the analogous equation for the second moment, mn,2(x, t). I shall

refer to the estimation using these approximations as Method B.

The parameters αi,0, βi and σi and threshold values ri are then estimated by
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minimising (6.2.1) using a non-linear optimisation algorithm.

For the CTAR(1) process defined in Example 4.3.1, these approximations are

illustrated in Figures 5.2.3 and 5.2.4. Clearly, Method B provides a more

accurate approximation.

Also, since the piecewise linear approximation is the same for CTAR(1) pro-

cesses with different boundary conditions, it is clear that Method A cannot

distinguish between these processes while Method B can be used (by appropri-

ate adjustment of the difference equations) to fit models with different bound-

ary conditions. In fact, it is difficult to define the model that is fitted using

Method A since, when two observations lie in different regimes, the model

parameters don’t change until the time of observations rather than when the

process crosses the threshold. In this sense, the models fitted using Method A

to equally spaced data behave like a continuous time version of a discrete time

threshold model with delay equal to the observation spacing. To distinguish

the models estimated using Method A from CTAR models, I shall call them

‘piecewise linear CAR’ models.

However, Method A is much faster computationally. Because of its speed,

Method A may be a useful source of preliminary estimates with which to ini-

tialise subsequent likelihood maximisation with Method B. The calculation of

the Gaussian likelihood by Method B can of course be improved by increasing

the chosen value of k, but only at the expense of increased computational time.

Tong and Yeung’s method is similar to Method A. The differences are:

1 they make an adjustment for threshold crossing (see previous section);
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2 they drop the first term (involving m1 and v1) from the sums (and so

calculate the likelihood conditional on the first observation);

3 they do not include drift parameters, βi;

4 they only consider models with two regimes (l = 2); and

5 they restrict r to the set {x̄± qs} where q = 0, 1
7
, . . . , 1.

Example 6.2.1: Twenty independent realisations of the CTAR(1)

process defined in Example 4.3.1 were generated using the Markov

chain (6.1.1) with n = 1000 and δ = 0. Each realisation consisted

of 100 observations taken at unit time intervals apart. For each

realisation, the parameters were estimated using Methods A and B;

for Method B, k = 10 was used. The results are given below.

Estd. parameter r α1,0 β1 σ1 α2,0 β2 σ2

Actual value 0.000 0.500 0.000 0.500 1.000 0.000 1.000

Sample mean A 0.016 0.706 0.099 0.580 2.796 −0.245 1.113

Sample st.dev. A 0.046 0.408 0.122 0.099 4.998 0.917 0.668

Sample mean B −0.044 0.503 0.004 0.467 1.147 −0.074 0.921

Sample st.dev. B 0.151 0.174 0.143 0.158 0.307 0.223 0.146

Both methods give reasonably good estimates of the true parame-

ters. However, the variability of the estimated parameters was often

substantially larger for Method A and Method A was notably less

successful in estimating the AR coefficients. Method A did however

locate the threshold well in each case, possibly because of the sharp

discontinuity in the one-step prediction mean squared error at the

boundary in the piecewise linear approximation, which makes the

corresponding Gaussian likelihood sensitive to changes in r.
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Maximising the likelihood using Method A was numerically difficult.

Different starting values for the parameters often led to different es-

timates. Also, in a number of cases the parameters diverged. These

cases have been dropped in the above summary statistics. These dif-

ficulties are probably due to the discontinuity noted above. No such

difficulties were encountered using Method B which has a smooth

mean squared error function.

Example 6.2.2: I next consider the modelling of the IBM closing

stock prices discussed in Section 3.4.1. Again, the relative daily price

changes are modelled and the data are treated as uniformly spaced.

A model of order one with two regimes is estimated. The estimated

model parameters are shown below for the models fitted using Meth-

ods A and B, together with the values of −2 times the corresponding

log likelihood and the observed one-step mean squared errors. The

linear model is the maximum likelihood CAR(1) model for the data

found in Section 3.4.1. As before, k = 10 was used for Method B.

Estd. parameter r β1 α1,0 σ1 β2 α2,0 σ2

Linear model –0.11 1.56 1.69

Piecewise Model A –1.30 –1.44 5.11 5.49 –0.01 1.15 1.37

CTAR(1) Model B –0.56 0.84 2.87 2.80 0.61 0.43 1.15

−2 log(L) MSE

Linear model 590.6 0.879

Piecewise Model A 566.8 0.847

CTAR(1) Model B 578.3 0.840
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Although the non-linear models show a substantial increase in the

Gaussian likelihood (as compared with the linear model), the re-

duction in mean squared error (the average of the squares of the

observed one-step prediction errors) is quite small. There are still

gains to be made however from the non-linear models. Unlike linear

models, they have the property that forecasting mean squared errors

depend on the level of the process (cf. Pemberton, 1989 and Tong,

1990, p.349). Figure 6.2.1 shows the one-step predictors and their

mean squared errors of both models as functions of x. It clearly in-

dicates those values of x for which the model one-step mean squared

error is small. Simulations with Model B are found to give marginal

distributions quite similar to the empirical marginal distribution of

the data.

Figure 6.2.1 shows that the piecewise model mean squared error func-

tion is quite different from that of the CTAR(1) model. Even a

piecewise constant approximation to the mean squared error of the

CTAR(1) is not good over the range of observed values (it has the

values 1.36 for x < −.56 and 0.89 for x > −.56). The piecewise

constant approximation is also poor for the corresponding CTAR(1)

process with the parameters of Model A.

The Gaussian likelihood and mean squared error for Model A are

computed with the piecewise linear approximation described above.

These quantities are exact for the discrete-time Markov process with

the appropriate Gaussian initial distribution and Gaussian one-step

transition probabilities determined (for the time interval [t, t + 1])

using one of two CAR(1) processes, chosen in accordance with the
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Figure 6.2.1: One-step predictors and mean squared errors for model A of the IBM closing
stock data
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value ofX(t). Although this process is a very good model for the data

(as indicated by the corresponding Gaussian likelihood and mean

squared error), it differs substantially from a CTAR(1) process with

narrow boundary and the same parameters, because of the deviation

from piecewise constancy of the mean squared error for the latter.

As indicated previously we could, at the expense of computer time,

improve on the calculation of the Gaussian likelihood in the fitting

of Model B by choosing a value of k greater than 10.

Both models identify a threshold with negative value, confirming the

conclusion of Tong and Yeung regarding this series. As they point

out, this suggests that the dynamics of the closing stock prices change

according as the stocks are falling at greater or less than a critical

relative rate.

Example 6.2.3: The data for this example are temperatures (in

degrees Celsius) from the top of a BHP steel blast furnace. The

temperatures were recorded every six minutes for a period of almost

ten days giving 2389 observations; ten observations are missing. The

data set is given in the appendix. A graph of the series (Figure 6.2.2)

shows the temperatures usually lie in the range 70–200 oC but there

are occasional bursts of very high temperatures up to 400 oC. This

pattern appears to be well-suited to threshold-type modelling. From

the graph, a threshold around 190 oC would seem to be appropriate.

A model of order one with two regimes was estimated. A time scale

of one unit for each six minutes was used. The estimated model

parameters are shown below for the models fitted using Methods A
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and B, together with the values of −2 times the corresponding log

likelihood and the observed one-step mean squared errors. The linear

model is the maximum likelihood CAR(1) model for the data. As

before, k = 10 was used for Method B.

Estd. parameter r β1 α1,0 σ1 β2 α2,0 σ2

Linear model –17.96 0.1270 16.23

Piecewise Model A 195.4 –21.98 0.1569 14.22 –22.04 0.1284 53.15

CTAR(1) Model B 176.6 –10.18 0.0642 13.02 20.51 0.0577 47.48

−2 log(L) MSE

Linear model 19798.4 232.1

Piecewise Model A 19253.8 231.3

CTAR(1) Model B 19242.8 236.7

Figure 6.2.2: Plot of temperatures from top of blast furnace. The threshold value from Model
B is also shown.

Simulated observations from Model B were generated using the

Markov chain (6.1.1) with n = 100 and δ = 0. One thousand obser-
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vations were taken from the simulated series at unit time intervals

apart. The observations, plotted in Figure 6.2.3, show the model has

successfully captured the essential elements of the system dynamics.

Figure 6.2.3: Plot of simulated series using Model B.

6.3 Estimation of CTAR(p) Models

When p = 1 it is a straightforward matter to compute the Gaussian likelihood

of the observations x(t1), . . . , x(tN) to a high degree of accuracy by choosing a

suitably large value of the parameter n of the approximating process defined

by (6.1.1). When p > 1 the problem is more difficult since the process {X(t)}

is no longer Markov.

One approach to this difficulty is to use a piecewise linear approximation, ap-

plying the linear Kalman recursions with model parameters changing accord-
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ing to the current value of x(ti) in order to compute the one-step predictor of

X(ti+1) and its mean squared error. This is essentially the method of Tong

and Yeung. It is the extension of Method A of the previous section to higher

dimensions. Although this is a convenient and fast algorithm, the assumptions

on which it is based are unrealistic (see Section 6.1) and it is difficult to give

a precise interpretation to the Gaussian likelihood computed in this way when

p > 1.

The approach followed here is an extension of Method B. I use a set of re-

cursions which determine the exact likelihood of the observations, x(t1), . . . ,

x(tN), in terms of the distribution of S(t1) and the transition density of the

Markov process {S(t)}. The Gaussian likelihood is computed by replacing

the transition density by a Gaussian density with the same moments of or-

ders 1 and 2. These moments are computed numerically with the aid of the

approximating process defined by (5.2.1) and (5.2.2).

In order to obtain the required recursions, it is convenient to introduce a

slightly different notation, writing the state vector S(t) as

S(t) =

 X(t)

U(t)

 ,

where U(t) is the (p− 1)× 1 vector consisting of the first p− 1 derivatives of

X(t).

Consider now the joint probability density, fr, of X(tr),U(tr), X(tr−1),

X(tr−2), . . . , X(t1). From the Markov property of {S(t)} it is easy to check
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that

fr+1(xr+1,ur+1, xr, xr−1, . . . , x1) =
∫
p(xr+1,ur+1, tr+1 − tr |xr,ur)

fr(xr,ur, xr−1, . . . , x1)dur, (6.3.1)

where p(xr+1,ur+1, tr+1 − tr |xr,ur) denotes the pdf of (X(tr+1),UT (tr+1))T

given S(tr) = (xr,u
T
r )T . For a given set of observed values x1, . . . , xN at times

t1, . . . , tN , the functions f2, . . . , fN are functions of u2, . . . ,uN respectively.

These functions can easily be computed recursively from (6.3.1) in terms of f1

and the functions p(xr+1, ·, tr+1 − tr |xr, ·). The likelihood of the observations

x1, . . . , xN is then

L(θ;x1, . . . , xN) =
∫

uN

fN(uN)duN . (6.3.2)

In all the numerical calculations given below I have taken f1(x,u) to be the

Dirac delta function assigning mass one to (x1,0
T )T . This means that the

likelihood in (6.3.2) is actually that of x2, . . . , xN conditional on X(t1) = x1

and U(t1) = 0. The first and second order moments of the transition den-

sity p(xr+1,ur+1, tr+1 − tr |xr,ur) are found using the approximating process

defined by (5.2.1) and (5.2.2) with n = 10/(tr+1 − tr). The ‘Gaussian likeli-

hood’ is then found by replacing the transition densities by Gaussian densities

with the same first and second order moments. The integrals in the recursions

(6.3.1) are replaced by approximating Riemann sums.

Notice that the filtered value of the unobserved vector U(tr), r = 1, . . . , N ,

(i.e. the conditional expectation of U(tr) given X(ti) = xi, i = 1, . . . , r) is
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readily obtained from the function fr as

ũr =

∫
ufr(u)du∫
fr(u)du

. (6.3.3)

On the other hand, the calculation of the expected value of X(tr+1) given

X(ti) = xi, i = 1, . . . , r involves a much more complicated higher dimensional

multiple integration. An alternative natural predictor of X(tr+1) which is easy

to compute can be found from

xr+1 = m
(
[xr, ũ

T
r ]T , tr+1 − tr

)
, (6.3.4)

where m
(
[xr, ũ

T
r ]T , tr+1 − tr

)
is approximated by mn

(
[xr, ũ

T
r ]T , tr+1 − tr

)
as

defined by equation (5.2.3).

There are two natural criteria for model-fitting based on the calculations just

described:

B1: maximisation of the Gaussian likelihood and

B2: minimisation of the mean squared error of the predictors defined by

(6.3.4).

The resulting models will be referred to as Models B1 and B2 respectively.

Model A is that obtained by the piecewise linear method. An important feature

of both Models B1 and B2 is that the order of approximation can be increased

arbitrarily (at the expense of increasing computation time).

Example 6.3.1: The above methods of estimation are illustrated

via Wolf’s sunspot numbers considered in Section 3.4.2. Here the
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data used are the sunspot numbers for the years 1770–1869 as given

in Brockwell and Davis (1991, p.6). The parameter estimates are

shown in the following table. In each case, the computed likeli-

hoods are conditional on X(t1) = x(t1) = 101 and U(t1) = 0.

The optimisation was constrained for all models so that the roots

of z2 + α1,iz + α0,i = 0, i = 1, 2 all have negative real parts.

Estd. parameter r β1 α0,1 α1,1 σ1 β2 α0,2 α1,2 σ2

Linear model -21.0 0.433 0.495 24.7

Piecewise model A 48.8 -23.0 0.68 0.54 23.5 -11.1 0.19 0.00 12.7

CTAR(2) Model B1 10.0 -31.6 0.33 8.74 43.3 -23.0 0.46 0.55 28.4

CTAR(2) Model B2 36.3 -17.3 0.34 0.21 7.10 -21.8 0.44 0.70 42.3

−2ln(L) MSE

Linear model 823.6 239.1

Piecewise model A 792.2 176.5

CTAR(2) Model B1 796.6 215.2

CTAR(2) Model B2 939.6 177.5

As a check on the fitted models, simulations of each of the CTAR(2)

processes with the parameters of models A, B1 and B2 were cal-

culated. Each simulation consisted of 2000 observations and the

empirical marginal distributions of the simulated observations were

compared with the marginal distribution of the sunspot numbers

themselves. The results are shown in Figure 6.3.1. Clearly, there is a

strong resemblance between the marginal distribution for model B1

and the empirical distribution of the sunspot numbers.

As noted previously, one-step predictors and mean squared errors for

model A are computed using a fast, well-defined algorithm. However,
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Figure 6.3.1: Histograms of the sunspot numbers and simulated observations from the
CTAR(2) models A, B1 and B2.
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the resulting likelihood does not have the same clearly-defined inter-

pretation it has when p = 1. In fact the CTAR model with these

parameters is a poor fit to the data (in terms of Gaussian likelihood,

one-step mean squared error and marginal distribution). There is a

generalised non-linear regression model implicit in Model A however

in which EX(tn) is a complicated n-dependent function of all the

preceding observations. Although this model has no clear relation to

a non-linear continuous time autoregression, it is a very good model

for the sunspot numbers as can be seen from the tables above.

The forecasting performance of the four models were compared by

using them to compute one-step forecasts of the annual sunspot num-

bers for the years 1870–1889 (these can be found in Tong, 1990,

p.470). The observed mean squared errors for the models were

Observed MSE

Linear model 469.8

Piecewise model A 391.5

CTAR(2) Model B1 450.9

CTAR(2) Model B2 419.3

Of the non-linear models, Model A gives the greatest reduction in

mean squared error. Although the relation between Model A and

continuous-time autoregression is only tenuous, its success here sug-

gests that it is worthy of further study as a practical tool for non-

linear prediction.
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6.4 Modelling Paradigm

6.4.1 Tests for non-linearity

Tong and Yeung (1990) have developed tests to detect threshold non-linearity

in continuous time autoregressive processes. Their approach follows that which

is used for detecting discrete time threshold non-linearity using arranged au-

toregression.

A linear model is fitted using the Kalman recursions and the innovations I(ti)

are stored. These are then ordered according to the magnitude of the obser-

vations X(ti). Thus, if there is threshold non-linearity, the innovations are

grouped according to the regime in which they fall. Tong and Yeung consider

tests based on CUSUMS and the supposed orthogonality of the innovations to

detect non-linearity.

6.4.2 Fitting a model

Given that the data shows evidence of threshold non-linearity, the results of

the previous sections and chapters may be used to find a threshold model.

The approach adopted here is to first fit a linear model following the modelling

paradigm of Chapter 3. Having selected the appropriate order and fitted a

linear CAR model using the Yule–Walker estimates, a threshold can be added

and the likelihood of the new model maximised. Thresholds are added until

the AIC increases. Each new thresholds is added using the mid-point of the

largest regime of the current model as a starting value.
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This modelling approach led to the CTAR(1) model with one threshold for the

IBM data given in Example 6.2.2.

6.4.3 Diagnostics

One-step predictors may be found using the function mn(x(ti−1), ti− ti−1) and

so innovations may be calculated as I(ti) = X(ti) − mn(x(ti−1), ti − ti−1).

For models of order p > 1, the state vector x(ti−1) may be computed using

numerical derivatives such as central differences.

These innovations should be orthogonal to past observations but not neces-

sarily Gaussian. Therefore, tests for serial correlation can be applied as for

discrete time models (see Brockwell and Davis, 1991, Section 9.4).

6.5 Forecasting

The functions mn(x, tN + h) and vn(x, tN + h) may be used to obtain the

mean and variance of the forecasts. However, consideration needs to be given

to obtaining appropriate forecast estimates and prediction regions rather than

simply applying linear results to the rich environment of non-linear models.

Simply reporting the mean and variance of the forecast is of limited value when

the forecast density is non-Gaussian. For example, the forecast distribution

of a CTAR process may be asymmetric or multi-modal. In this case, the

prediction interval calculated using the mean plus and minus two standard

deviations is inappropriate and even misleading. The probability of the actual

process falling within the interval may be much less than the supposed 95%.
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Yet this approach is commonly used for discrete time threshold modelling (e.g.

Tong and Moeanaddin, 1988).

Further information about the forecast distribution may be obtained by gen-

erating many independent realisations of the process using the approximating

sequence defined by (5.2.1) and (5.2.2). Suppose we wish to forecast the series

at time T + h based on observations taken at times up to T . The distribution

of X(T + h) given observations up to time T may be studied by simulating

the process between times T and T + h. The initial state for each realisation

may be constructed using the observation at time T and numerical derivatives

of the process at time T obtained using forward differences. Let Yi denote the

value of the ith realisation of X(T +h) calculated in this way. Then {Yi} may

be used to obtain appropriate point and interval estimates.

I suggest a good forecast region must contain points where the density is

relatively high. That is, the highest density region (HDR) which is defined

below.

Definition 6.1 A 100(1− α)% HDR is equivalently defined as

1 the 100(1 − α)% confidence region in which every point has probability

density at least as large as that of any point outside the region; or

2 the 100(1−α)% confidence region occupying the smallest possible volume

in the sample space.

In the case of a multi-modal distribution, a HDR often consists of several

disjoint sub-intervals.
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A common objection to HDRs is the lack of suitable and efficient software.

However, Chapter 7 provides an algorithm which enables the rapid calculation

of a HDR given any univariate continuous density.

A highest density prediction region may be constructed from the empirical

density of {Yi}.

An important difference between non-linear and linear prediction regions is

monotonicity. It is well known that for linear models, the further ahead we

forecast, the less ‘reliable’ is the forecast. However, this result is not generally

true for non-linear models; the forecast variance does not always increase in

time. For example, the process may be cyclic with greater variability at the

tops of peaks than at the bottoms. Then the forecast variance may be smaller

for forecasts near peaks than for forecasts near troughs. Thus, it is possible to

construct an example in which a long-term forecast from a given point is more

reliable than a short-term forecast from the same point. This phenomenon

is documented by Tong and Moeanaddin (1988), Pemberton (1989) and Tong

(1990, p.349).

Example 6.5.1: This approach to forecasting was applied to the

sunspot numbers considered in Example 6.3.1. Using model B1, the

sunspot numbers for the years 1870–1879 were forecast by generating

1000 independent realisations of the process using the approximat-

ing sequence defined by (5.2.1) and (5.2.2). The initial state for each

realisation was constructed using the observation from 1869 and the

numerical derivative obtained using a forward difference. Then the

empirical density of the simulations was estimated (using the Gaus-

sian kernel approach) and the 95% HDR was computed. The sample
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mean of the simulations was used as a point estimate.

Figure 6.5.1: Forecasts of the sunspot numbers showing the 50% HDR and 95% HDR of the
forecast density. The solid line represents the observed values and the dashed line the mean
of the forecast density.

Figure 6.5.1 shows the forecast mean and the 50% and 95% HDRs of

the forecast density. Note that the forecast density was bimodal for

1874 — hence the 50% HDR consisted of two sub-intervals for that

year. The observed values are also given by the solid line.



Chapter 7

AN ALGORITHM
FOR CONSTRUCTING

HIGHEST DENSITY REGIONS

An algorithm is described which enables the rapid construction of highest

density regions given a probability density function. The methods described

are applicable to univariate data with a bounded, continuous density function

containing any number of local modes. The density function may be known

analytically or may be estimated from observations or simulations. A C version

of the algorithm is also provided.

7.1 Description and Purpose

As defined in the previous chapter, a 100(1−α)% highest density region (HDR)

is defined as:

1 the 100(1 − α)% confidence region occupying the smallest possible volume

in the sample space.

123
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Equivalently, it can be defined as:

2 the 100(1 − α)% confidence region in which every point has probability

density at least as large as that of any point outside the region.

Such confidence regions are common in Bayesian analysis where they are ap-

plied using a posterior density (e.g. Berger (1985) or Box & Tiao (1973)). They

are also variously known under other names such as “highest posterior density

regions”, “credible sets” and “Bayesian confidence intervals”.

A HDR is of particular interest where the density contains several local modes

or is difficult to handle analytically. In such cases, a HDR may appear unusual;

for example, it could consist of several disjoint intervals. This often provides

useful information which is ‘masked’ by other confidence regions.

It follows from definition 2 above, that a HDR is a set of the form C(f ∗) =

{x : f(x) ≥ f ∗} where f ∗ is chosen so that the set has probability 1−α. In the

univariate case, C(f ∗) can be written as the union of n disjoint sub-intervals,

C(f ∗) =
n⋃
j=1

(z2j−1, z2j)

where f(z2j−1) = f(z2j) = f ∗, j = 1, 2, · · · , n. Thus the problem is reduced

to finding a suitable set of pairs {(z2j−1, z2j), j = 1, · · · , n}. We will also be

interested in calculating the probability of each sub-interval in the HDR. That

is,

Hj =
∫ z2j

z2j−1

f(u)du j = 1, 2, · · · , n. (7.1.1)

Most work in the past on the calculation of HDRs has dealt with particular

parametric forms of the density (see, for example, Lee, 1989). However, Wright
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(1986) gives a procedure for numerical construction of HDRs where the density

is univariate and unimodal, leading to a region consisting of a single interval.

Berger (1985) gives the skeleton of a general algorithm for finding a HDR of a

density f(x) continuous in x.

The algorithm presented here is a development of Berger’s algorithm. It en-

ables rapid construction of a HDR for a given confidence level and a given

univariate continuous probability density function, f(x). The density may

contain any number of local modes, and may be known analytically or may

be estimated from observations or simulations. It is assumed that f(x) is a

bounded, continuous function of x and that the inverse of f(x) is uniquely

defined in the neighbourhood of each f(zj).

It is often very time consuming to calculate the density at a given point (e.g.

with an empirical density). Hence, the algorithm requires the density to be

calculated only on a grid of points x1 < x2 < · · · < xN . Elsewhere, inter-

polation is used to calculate the density. Both linear interpolation and cubic

spline interpolation are implemented — the choice of method being specified

at run time. Linear interpolation is most useful when f(x) is not smooth.

If cubic spline interpolation is used, then f(x) must have continuous second

order derivatives.

Densities with a finite number of discontinuities can be approximated by a

continuous density with points on either side of each discontinuity, arbitrarily

close together. Linear interpolation should be used in this case because the

approximating density has discontinuous derivatives.
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The end points, x1 and xN , should be chosen such that the required HDR has

end points well within (x1, xN). In practice, I have found that f(x1) and f(xN)

should be no more than about 0.9f ∗. This is because higher density regions are

calculated in the algorithm while converging to the solution. Also, N should

be large enough to provide sufficient information concerning the density. A

value of N = 50 has been found satisfactory in practice.

7.2 Numerical Method

The algorithm may be outlined as follows:

Step 1 Choose some value f ∗.

Step 2 Find all solutions to the equation f(x) = f ∗ and construct the set

C(f ∗) = {x : f(x) ≥ f ∗}.

Step 3 Calculate P (C(f ∗)) =
∫
C(f∗)

f(u)du =
n∑
j=1

Hj.

These steps should be repeated until a value of f ∗ is found such that

P (C(f ∗)) = 1 − α for some predetermined level α. Then the HDR is the

set C(f ∗). Each step of the algorithm is now described in more detail.

Step 1

We wish to find f ∗ such that g(f ∗) = P (C(f ∗))−1+α = 0. The choice of f ∗ at

each iteration is made using the Van Wijngaarden–Dekker–Brent method (also

known as “Brent’s algorithm”) for finding roots which is described in Brent

(1973) and Press et al. (1988). Given an interval in which a root is bracketed,

this algorithm uses secant and false position techniques along with bisection
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to enable superlinear convergence to the required root. In the accompanying

code, g(f ∗) is calculated by the function diffpcf().

Step 2

Step 2 can be processed rapidly by taking the ordered set of points {xi} at

which the density is known, and finding pairs of points between which there

exists a point with density f ∗. That is, we wish to find pairs (x2i−1, x2i) such

that f(x2i−1) < f ∗ < f(x2i) or f(x2i) < f ∗ < f(x2i−1). Then Brent’s algorithm

can be used again to find zj such that f(zj) = f ∗ where x2i−1 < zj < x2i, using

interpolation to calculate f(x) where x2i−1 < x < x2i. Provided the grid of

points is sufficiently fine, all points at which the density equals f ∗ should be

found.

This amounts to finding f−1(f ∗). Therefore, it is assumed that f−1(·) is

uniquely defined in the neighbourhood of f(zj). If this is not true, (e.g. if

f(x) is constant in the neighbourhood of zj) the algorithm may return a HDR

with different confidence from that requested.

In the accompanying code, Step 2 is carried out by the function invpdf().

Step 3

The integral in Step 3 is calculated using numerical integration. Again, to

calculate the density at points other than those in the grid, interpolation is

used.

Rather than recalculate the entire integral on each iteration, further improve-

ments in speed can be achieved by simply calculating the difference between

the integral P (C(f ∗)) for the current iteration and the integral from the pre-
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vious iteration. The new value of P (C(f ∗)) is then obtained by adding this

difference to the previous value of the integral. This optimisation for the inte-

gration is described in more detail in the following section.

Optimising the integration

Let t describe the iteration through steps 1–3, and

Ct−1 =
nt−1⋃
k=1

(y2k−1, y2k), Ct =
nt⋃
j=1

(z2j−1, z2j),

Hk,t−1 =
∫ y2k

y2k−1

f(u)du and Hj,t =
∫ z2j

z2j−1

f(u)du.

Here, Ct−1 and Ct are successive approximations to the HDR. Assume {Hk,t−1 :

k = 1, · · · , nt−1} are known (begin with y1 = y2 = mode and H1,0 = 0). We

want to find {Hj,t : j = 1, · · · , nt} and

P (Ct) =
∫
Ct

f(u)du =
n∑
j=1

∫ z2j

z2j−1

f(u)du =
n∑
j=1

Hj,t. (7.2.1)

We wish to calculate {Hj,t} from {Hk,t−1} rather than calculate each Hj,t

directly from (7.1.1). To update the values of {Hk,t−1}, we integrate over the

difference between {yk} and {zj}.

Specifically, the sequence {Hj,t} can be calculated as follows. For convenience,

define y2nt−1+1 and z2nt+1 to be +∞. Consider each sub-interval (z2j−1, z2j)

from Ct in turn, beginning with j = 1. At the same time, consider a sub-

interval (y2k−1, y2k) from Ct−1, beginning with k = 1. Essentially, six situations

can occur:
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Figure 7.2.1: Six possibilities when calculating successive approximations of an HDR
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1 y2k−1 > z2j

This corresponds to Figure 7.2.1A. In this case,

Hj,t =
∫ z2j

z2j−1

f(u)du,

as there is no prior information in {Hk,t−1} that is relevant to this sub-

interval. Now move to the next sub-interval in Ct. That is, j = j + 1.

But k remains unchanged.

2 z2j−1 > y2k

This corresponds to Figure 7.2.1B. In this case, simply ignore Hk,t−1 and

move to the next sub-interval in Ct−1. That is let k = k + 1; j remains

unchanged.

3 z2j > y2(k+d)−1, d = 1, 2, · · · .

Figure 7.2.1C shows the case d = 1. Hj,t can be calculated as follows.

Hj,t =
∫ y2k−1

z2j−1

f(u)du+
d−1∑
h=0

{
Hk+h,t−1 +

∫ y2(k+h)+1

y2(k+h)

f(u)du

}
+Hk+d,t−1

+
∫ z2j

y2(k+d)

f(u)du.

Also, j = j + 1 and k = k + d+ 1.

4 y2k > z2(j+d)−1, d = 1, 2, · · · .

Figure 7.2.1D shows the case d = 1. In this case, it is easier to calculate

each Hj,t from (7.1.1). That is,

Hj+h,t =
∫ z2(j+h)

z2(j+h)−1

f(u)du.

where h = 0, 1, · · · , d. Then k = k + 1 and j = j + d+ 1.
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5 z2j−1 < y2k−1 < y2k < z2j

This corresponds to Figure 7.2.1E. In this case,

Hj,t = Hk,t−1 +
∫ y2k−1

z2j−1

f(u)du+
∫ z2j

y2k

f(u)du.

Also, j = j + 1 and k = k + 1.

6 y2k−1 < z2j−1 < z2j < y2k

This corresponds to Figure 7.2.1F. In this case,

Hj,t = Hk,t−1 −
∫ z2j−1

y2k−1

f(u)du−
∫ y2k

z2j

f(u)du.

Also, j = j + 1 and k = k + 1.

Once Hj,t has been calculated for j = 1, · · · , n, P (Ct) can be calculated from

(7.2.1).

7.3 Structure

void hdr(float x[], float fx[], int capn, int interp,

float *conf, float z[], int *n, float h[], int

*error);

Parameters:

float x[] input: contains the grid of values x1, · · · , xN , at which the

density has been calculated

float fx[] input: contains the density at each point in x[]

int capn input: N = the number of values in x[]
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int interp input: indicates the method of interpolation. 1 = linear

interpolation; 2 = cubic spline interpolation.

float *conf input: points to α = the required confidence for the HDR

output: points to the achieved probability of the HDR

float z[] output: contains the end points of the sub-intervals in the

HDR, z1, · · · , zn
int *n output: points to the number of sub-intervals in the HDR,

n

float h[] output: contains the probability of each sub-interval in the

HDR, H1, · · · , Hn

int *error output: points to an error indicator, equal to:

1: if capn < 2 (needed for interpolation)

2: if conf not between 0 and 1 or interp not

equal to 1 or 2

3: if area under density less than conf or greater

than 1

4: if can’t find point at which density = f ∗;

longer tails are needed

5: if too many sub-intervals in HDR; increase

value of MAXH.

0: otherwise.

It is possible that the achieved probability will be different from the requested

probability. This will occur if one of the sub-intervals has an end point where

the density is flat (so f−1 is not well defined). An example of this problem is

given later.
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Auxiliary routines

The following functions need to be provided:

1 float brent(float (*func)(float), float a, float b,

float fa, float fb, float tol)

This routine finds the root of a function func known to lie between a and

b, using Brent’s method. The argument fa=func(a) and fb=func(b).

The root, returned as brent, will be refined until its accuracy is tol.

The routine zbrent from Press et al. (1988, pp. 268–269), can be used

with the following modifications:

• add the arguments fa and fb;

• delete the statement fa=(*func)(a),fb=(*func)(b).

2 void spline(float x[], float y[], int n, float yp1,

float ypn, float *y2)

Given arrays x[1..n] and y[1..n] containing a tabulated function with

x[1] < . . . < x[n] and given values yp1 and ypn for the first derivative

of the interpolating function at points 1 and n respectively, this routine

returns an array y2[1..n] that contains the second derivatives of the

interpolating function at the tabulated points x. If yp1 and/or ypn are

equal to 1.0e30 or larger, the routine is signalled to set the corresponding

boundary condition for a natural spline, with zero second derivative on

that boundary.

The routine spline from Press et al. (1988, pp. 96–97) is suitable.
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3 void splint(float xa[], float ya[], float y2[], int n,

float x, float *y)

Given the arrays xa[1..n] and ya[1..n], which tabulate a function (with

the xa’s in order) and given the array y2[1..n] which is the output from

spline(), and given a value of x, this routine returns a cubic-spline

interpolated value y.

The routine splint from Press et al. (1988, pp. 97) is suitable.

4 float integral(float (*func)(float), float a, float b)

Returns the integral of the function func from a to b. It should return

zero if a=b. This is to cope with the cases in which a sub-interval has an

end point at a near-singularity in the density.

Any good numerical integration procedure will suffice. For example,

qromb from Press et al. (1988, p. 124), although this will need a sim-

ple modification so that zero is returned if a=b.

7.4 Testing and Timing

The time for a HDR to be constructed using the algorithm depends on the

number of sub-intervals in the region and the slope of the density at the end

points of those sub-intervals. Where the density at the end point of a sub-

interval is nearly flat, the algorithm will take longer to construct the HDR

because the value of Hj for that interval will be very sensitive to the position

of the end points.

Two examples of densities were used to check the speed of the algorithm and
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demonstrate the sources of variability in the speed. These were:

1 the standard normal p.d.f. calculated at evenly spaced points in [−4, 4];

2 the empirical density of a data set consisting of 800 observations from

a N(10, 1) distribution and 200 observations from a N(6, 1) distribution.

The grid was calculated at evenly spaced points covering 1.5 times the

range of the data.

Using an IBM compatible 386SX PC with a math co-processor, running at a

landmark speed of 21 MHz, the following results were recorded. Times are

CPU time for the routine hdr(). Spline interpolation was used.

N = 50 Standard Normal P.D.F. Mixture Distribution

Confidence Time Interval Time Interval

75% 0.22 secs [−1.150, 1, 150] 0.82 secs [5.528, 5.722] ∪ [8.039, 11.728]∗

90% 0.20 secs [−1.645, 1.645] 0.66 secs [5.074, 7.020] ∪ [7.756, 11.923]

95% 0.19 secs [−1.960, 1.960] 0.41 secs [4.927, 12.035]

99% 0.19 secs [−2.576, 2.576] 0.39 secs [4.040, 12.670]

N = 100

75% 0.25 secs [−1.150, 1, 150] 0.58 secs [5.551, 5.682] ∪ [8.039, 11.726]

90% 0.22 secs [−1.645, 1.645] 0.60 secs [5.076, 7.023] ∪ [7.758, 11.923]

95% 0.22 secs [−1.960, 1.960] 0.41 secs [4.927, 12.035]

99% 0.22 secs [−2.576, 2.576] 0.33 secs [4.039, 12.669]

The interval marked ∗ was returned with an achieved confidence of 75.48%.

This was because both end points of the first sub-interval are near a local

maximum in the density. The relatively long time taken to calculate the in-
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Figure 7.4.1: HDRs for the Mixture distribution based on a 100-point grid.

terval reflects this. However, with the 100-point grid, this problem has been

overcome.

Figure 7.4.1 shows the 75%, 90%, 95% and 99% HDRs for the mixture distri-

bution based on a 100-point grid.

In general, the following heuristic rules (based on these tests and other expe-

rience) seem to apply:

• Where an end point of a sub-interval is near a point of inflection of the

density, the algorithm may return a region of slightly different confidence

from that requested. This is because the inverse of the density at that

point is unstable. Increasing the number of points in the grid will often

alleviate the problem. Alternatively, double precision rather than single
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precision may be used.

• Densities with more than one local mode take longer than unimodal den-

sities. In particular, when this leads to the HDR consisting of more than

one interval, the time for calculation is increased.

• The number of points in the grid, N , has greatest effect with more com-

plicated densities, affecting both the speed and accuracy of the results.
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7.5 C code

/****************************************************************************
***** ROUTINES FOR CALCULATING HIGHEST DENSITY REGIONS (HDRs) *****
***** (ANSI compatibility assumed) *****
****************************************************************************/

#include <stdlib.h>
#include <stdio.h>
#include <math.h>

#define TOLROOT 1.0e-5 /* Tolerance for root search */
#define TOLAREA 1.0e-3 /* Tolerance for area under density */
#define INFINITY 1.0e30 /* Value larger than any point in grid */
#define MAXH 10 /* Maximum number of sub-intervals in HDR */
#define TWOMAXH (2 * MAXH)
#define TRUE 1
#define FALSE 0

/* ------------------------- Auxiliary Routines ----------------------------

Four auxiliary routines need to be supplied by the user:
brent(), spline(), splint() and integral().

These routines may be taken from "Numerical Recipies in C" with little
modification required.

*/

extern float integral(float (*)(float),float,float),
brent(float (*)(float),float,float,float,float,float);

extern void spline(float *, float *, int, float, float, float *),
splint(float *, float *, float *, int, float, float *);

/* ---------------------------- Sub-Routines ------------------------------ */

static float approxpdf(float),diffpcf(float),pdfminusf(float);
static int invpdf(float *);

void lin_interp(float *, float *, int, float, float *);

/* --------------------------- Global Variables -----------------------------

Most of these are made global to prevent additional arguments being
passed to the auxiliary routines integral() and brent().

*/

float *gx,*gf,*gz,*gh, /* Global pointers to xx[], fx[], z[] and h[] */
*gconf, /* Global pointer to <conf> */
fstar, /* Value of f* for current approximation to HDR */
*y2=NULL; /* Second derivatives of density for use in

spline interpolation */
int *gcapn,*gn,*gerror, /* Global copies of <capn>, <n> and <error> */

ginterp, /* Global copy of <interp> */
imode, /* Index to mode, i.e., xx[imode] is mode.
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Needed in hdr() and diffpcf(). Made global to
prevent recalculation */

newcalc; /* Indicator for new calculation. Used to check
if initialization necessary in diffpcf() */

/* ---------------------------- Main routine ----------------------------- */

void hdr(float xx[], float fx[], int capn, int interp, float *conf,
float z[], int *n, float h[], int *error)

/*
Routine to calculate Highest Density Region for a given univariate
density. It is assumed that the density is a bounded continuous function
and that the inverse of the density is well-defined near the end points of
the sub-intervals of the HDR.

Input required:
It is assumed the density has been calculated at an ordered grid of
points xx[0..capn-1], with the results stored in fx[0..capn-1].
<interp> indicates the method of interpolation to use:

interp = 1: linear interpolation
interp = 2: cubic spline interpolation

<conf> is the required confidence for the HDR.
Results are returned in z[], <n>, h[], and <achieved>:

z[0..2n-1] contains the end points of the subintervals of the HDR;
<n> = the number of subintervals in the HDR;
h[0..n-1] contains the probability of each subinterval;
<conf> = the achieved probability of the HDR.

It is assumed that z[] and h[] are sufficiently large to contain
TWOMAXH and MAXH elements respectively.

Error code is returned in <error>:
0: no error
1: capn < 2 (needed for interpolation)
2: <conf> not between 0 and 1 or interp not equal to 1 or 2.
3: area under specified density not between <conf> and 1. Area is

not required to equal one so long tails do not have to be given.
4: can’t find point at which density = fstar; probably longer tails

are needed
5: too many sub-intervals in HDR; increase value of MAXH.

Restrictions:
* The end points of the required HDR should be well within the range
of xx[]. Provided this condition is met, the extreme tails of the
distribution need not be specified. If the condition is not met,
error code 3 is returned.

* Where the density is nearly constant at the end points of the
sub-intervals in the HDR, the achieved confidence may differ
slightly from the required confidence and it may take longer
than otherwise to return a solution

Method:
Finds root of diffpcf() using brent().

*/
{

int j;
float area;
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/* Create global pointers to arguments for use in other functions */
gx = xx; gf = fx; gz = z; gh = h;
gcapn = &capn; gconf = conf; gn = n; gerror = error; ginterp = interp;

/* Check input for errors 1, 2 and 3 */
if(capn < 2)

*error = 1;
else if(*conf <= 0.0 || *conf >= 1.0 || interp < 1 || interp > 2)

*error = 2;
else
{

if(interp==2)
{

/* Create space for y2 and calculate second derivatives */
if( (y2 = (float *)malloc((unsigned) capn*sizeof(float) )) == NULL )
{

printf("\n Insufficient memory for vector");
exit(0);

}
spline(xx-1, fx-1, capn, 1.0e30, 1.0e30, y2-1);

}
area = integral(approxpdf,xx[0],xx[capn-1]);
if(area > 1.0+TOLAREA || area < *conf)

*error = 3;
else

*error = 0;
}

if(*error==0)
{

newcalc = TRUE;
/* Find index of mode */
imode = capn/2;
for(j=0;j<capn;j++)
{

if(fx[j]>fx[imode])
imode = j;

}

/*** Main statement: search for root ***/
brent(diffpcf,0.0,fx[imode],1.0-(*conf),-(*conf),fx[imode]*TOLROOT);

}

if(interp==2 && y2)
free(y2);

if(*error==0)
{

/* Calculate achieved confidence */
*conf = 0.0;
for(j=0;j<*n/2;j++)

*conf += h[j];
}

}
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/* --------------------------- Sub-routines ------------------------------ */

static float diffpcf(float newfstar)

/* Sub-routine returns the difference between the required confidence and
the confidence of the current estimate of the HDR. When this routine
returns a value sufficiently close to zero, we have found the required
HDR. Most of the routine consists of code implementing the optimisation
of the integration.

Input: <newfstar> = new estimate of f*.

Called by: brent() which in turn is called by hdr().

Uses: invpdf() to find inverse of p.d.f. at <newfstar>
integral() to do numerical integration.

If an error occurs, it is recorded in <gerror> and the routine returns
zero to force brent() to return to hdr()

*/

{
int currhump, /* Current subscript of gh = (j+1)/2 */

lasthump, /* Subscript of last value in gh */
j,k,l;

float pcf; /* Probability of current approx. to HDR */
static float y[TWOMAXH]; /* Copy of gz from previous iteration */
static int m; /* Number of points in y[] */

/* Initialize y[] */
if(newcalc)
{

/* First approximation to HDR is zero interval with end points equal
to the mode */

y[0] = y[1] = gx[imode];
y[2] = INFINITY;
m=2;
gh[0] = 0.0;
newcalc = FALSE;

}

/* Calculate intervals in new HDR estimate */
fstar = newfstar;
*gn = invpdf(gz);

/* Check that all intercepts found */
if(*gerror == 5)

return(0.0);
else if(*gn==0 || *gn%2==1)
{

*gerror = 4;
return(0.0);

}

/* Calculate integral of density over current HDR estimate.
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Implements optimisation techniques by integrating only over the
difference between the previous and the current HDR estimate */

lasthump = max(*gn,m)/2;
k = currhump = 0;
for(j=0;j<*gn;)
{

if(gz[j+1] < y[k])
{

/* Case 1: add new hump */
for(l=lasthump;l>currhump;l--)

gh[l] = gh[l-1]; /* make room in gh */
gh[currhump] = integral(approxpdf,gz[j],gz[j+1]);
j += 2;
currhump++;

}
else if(y[k+1] < gz[j])
{

/* Case 2: remove old hump */
for(l=currhump;l<lasthump;l++)

gh[l] = gh[l+1]; /* remove room in gh */
k += 2;

}
else if(gz[j+1] > y[k+2])
{

/* Case 3: several humps become 1 - include valleys */
gh[currhump] += integral(approxpdf,gz[j],y[k]);
k += 2;
do{

gh[currhump] += integral(approxpdf,y[k-1],y[k]);
k += 2;
gh[currhump] += gh[currhump+1];
for(l=currhump+1;l<lasthump;l++)

gh[l] = gh[l+1]; /* remove hump */
}while(gz[j+1] > y[k] && k<=m);
gh[currhump] += integral(approxpdf,y[k-1],gz[j+1]);
j += 2;
currhump++;

}
else if(y[k+1] > gz[j+2])
{

/* Case 4: 1 hump becomes several - recalculate area under
each hump */

do{
gh[currhump] = integral(approxpdf,gz[j],gz[j+1]);
j += 2;
currhump++;
for(l=lasthump;l>currhump;l--)

gh[l] = gh[l-1]; /* make room in gh */
}while(y[k+1] > gz[j] && j<=*gn);
k += 2;

}
else
{

/* Case 5 & 6: same hump */
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gh[currhump] += integral(approxpdf,gz[j],y[k])
+ integral(approxpdf,y[k+1],gz[j+1]);

k += 2;
j += 2;
currhump++;

}
}

/* Add up area under humps */
pcf = gh[0];
for(j=1;j<*gn/2;j++)

pcf += gh[j];

/* Save new estimate of HDR for next iteration */
for(j=0;j<=*gn;j++)

y[j] = gz[j];
m = *gn;

return(pcf - *gconf);
}

/* ----------------------------------------------------------------------- */

static float approxpdf(float u)

/* Sub-routine returns the value of the density at <u>. It uses cubic
spline interpolation between values in the grid supplied.

Called by: integral() and pdfminusf().

Uses: Either splint() or lin_interp() to do interpolation.

N.B. array arguments to splint() are decremented as in
"Numerical Recipies in C"

*/
{

float midx;

if(ginterp == 1)
lin_interp(gx, gf, *gcapn, u, &midx);

else
splint(gx-1, gf-1, y2-1, *gcapn, u, &midx);

return(midx);
}

/* ----------------------------------------------------------------------- */

static float pdfminusf(float u)

/* Sub-routine returns the value of the density at <u> minus the current
value of f*. This is used by invpdf() to find the inverse p.d.f.
at f*.

Called by: brent() which in turn is called by invpdf().
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*/
{

return(approxpdf(u)-fstar);
}

/* ----------------------------------------------------------------------- */

static int invpdf(float *gz)

/* Sub-routine to calculate the inverse p.d.f. at current value of f*.
Finds all points at which f(x)=fstar and saves them in gz. Function
returns the number of points in gz.

Called by: diffpcf()

Uses brent() to find roots of pdfminusf().
*/
{

int i,j;
float dif1,dif2;

/* Loop over all points in grid looking for points that bracket an
intercept */

j=0;
for(i=0;i<*gcapn-1 && j<TWOMAXH;i++)
{

dif1=gf[i]-fstar;
if(dif1==0.0)

gz[j++] = gx[i];
else
{

dif2=gf[i+1]-fstar;
if(dif1*dif2<0.0)

/* Find root of pdfminusf that lies between gx[i] and gx[i+1] */
gz[j++] = brent(pdfminusf, gx[i], gx[i+1], dif1, dif2,

fabs(gx[i]*TOLROOT));
}

}
if(j>=TWOMAXH)

*gerror = 5;
else

gz[j]=INFINITY;
return(j);

}

/* ----------------------------------------------------------------------- */

void lin_interp(float *x, float *y, int n, float xx, float *yy)

/* Given arrays x[0..n-1] and y[0..n-1], and given value xx, this routine
returns a value yy = P(xx) where P(xx) is a linear interpolating
function.

*/

{
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int klo, khi, k;
float m, h;

/* find place in table using bisection */
klo = 0;
khi = n-1;
while(khi-klo > 1)
{

k = (khi+klo) >> 1;
if(x[k] > xx)

khi = k;
else

klo = k;
}

h = x[khi] - x[klo];
if(h==0.0F)
{

printf("\n Bad XA input to routine lin_interp()");
exit(0);

}
m = (y[khi] - y[klo]) / h;
*yy = m*(xx-x[klo]) + y[klo];

}



APPENDIX: STEEL FURNACE
TEMPERATURE DATA

Data are temperatures (in degrees Celsius) from the top of a steel blast furnace.

The first measurement was taken at 12.06 am, 7 August 1990, and subsequent

measurements were made every 6 minutes. The last measurement was taken

at 11.54 pm, 16 August 1990 making 2399 observations. Ten observations are

missing and marked with an asterisk (*). Data are to be read across the rows

from left to right.

146
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7 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 141.43 144.18 156.89 154.42 164.33 157.90 151.10 158.57 141.56
1 hr 155.06 170.67 169.31 160.16 166.99 173.66 156.21 164.13 159.42 169.51
2 hr 143.37 161.84 148.13 165.68 174.00 160.34 173.25 161.81 146.84 160.66
3 hr 151.06 142.37 155.26 144.27 155.39 150.25 127.47 153.23 153.61 138.21
4 hr 141.57 159.39 147.40 139.50 148.45 146.86 156.86 140.99 127.19 124.42
5 hr 128.84 141.69 128.35 126.41 132.69 130.67 121.21 129.89 115.23 119.25
6 hr 138.35 128.31 132.73 134.49 145.25 152.62 140.06 139.89 152.75 175.77
7 hr 152.71 147.48 150.40 134.04 122.09 126.96 116.22 120.62 130.60 123.48
8 hr 131.71 122.16 118.26 128.92 125.32 128.10 169.53 140.21 148.48 133.20
9 hr 160.21 145.84 157.27 158.21 182.03 153.13 141.13 143.86 135.07 127.98

10 hr 124.78 * 116.87 * 125.36 136.85 151.72 140.68 143.67 142.02
11 hr 135.14 161.45 145.99 140.37 140.67 141.14 142.22 130.22 154.79 132.77
12 hr 147.49 137.38 122.56 117.99 117.77 131.69 127.41 144.97 133.93 143.86
13 hr 126.45 127.30 146.79 131.08 125.16 134.97 130.37 137.34 134.98 138.61
14 hr 132.95 143.67 150.12 152.67 132.73 132.32 145.63 134.50 129.64 138.99
15 hr 129.63 128.30 148.97 147.80 141.75 133.60 152.20 141.47 151.84 154.85
16 hr 151.08 143.40 145.17 159.72 143.23 143.21 156.63 148.50 169.48 155.32
17 hr 161.88 135.80 134.26 142.71 141.26 153.75 154.86 148.31 147.21 143.10
18 hr 139.83 147.53 150.80 159.21 148.48 147.44 140.52 159.10 143.78 134.82
19 hr 135.28 131.42 136.75 140.50 130.53 147.50 139.77 166.60 152.06 153.29
20 hr 140.67 129.26 128.09 133.69 159.09 136.90 126.92 132.08 135.99 134.76
21 hr 150.97 172.79 151.39 146.38 166.95 145.79 131.32 146.36 177.96 151.02
22 hr 148.65 165.56 178.67 169.91 150.04 144.95 158.50 152.58 164.77 156.17
23 hr 158.08 144.04 164.86 159.21 160.10 155.02 147.77 164.17 146.63 164.48

8 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 157.31 139.79 154.74 159.86 149.92 146.59 144.37 154.85 149.74 165.32
1 hr 148.25 171.47 171.18 181.76 162.41 161.20 160.10 178.30 160.61 159.02
2 hr 171.63 159.54 158.54 158.19 142.68 147.73 145.93 160.06 146.64 150.35
3 hr 152.12 147.09 135.94 139.99 130.73 135.35 135.94 155.28 140.52 152.04
4 hr 144.49 153.30 154.92 142.39 163.43 179.65 164.75 172.96 166.26 160.04
5 hr 156.63 143.74 156.98 154.68 150.28 143.92 136.71 142.87 147.02 146.90
6 hr 148.83 148.22 138.35 149.46 171.57 159.31 144.58 166.52 165.62 152.58
7 hr 143.89 162.57 149.20 153.73 161.03 142.82 133.70 141.68 158.68 140.68
8 hr 137.62 155.40 148.30 133.43 139.71 139.05 130.07 125.72 125.82 118.37
9 hr 119.18 146.38 133.56 131.78 130.06 131.53 128.76 125.32 152.05 140.93

10 hr 113.91 119.67 126.38 136.58 138.00 152.65 165.59 168.61 168.09 174.06
11 hr 167.18 161.23 172.98 155.01 164.87 177.88 173.70 170.10 164.18 181.61
12 hr 167.80 170.90 165.30 192.31 173.60 167.85 176.59 185.32 173.35 195.18
13 hr 182.06 177.35 160.97 143.64 153.74 144.29 137.61 143.13 139.00 148.66
14 hr 137.78 127.84 132.18 129.41 150.86 141.45 135.34 141.26 162.07 143.24
15 hr 152.67 147.84 150.01 135.74 125.19 * 119.67 114.79 130.91 118.69
16 hr 118.51 * 124.64 142.93 148.41 143.60 134.34 145.20 139.52 137.36
17 hr 152.33 160.77 159.39 154.91 154.61 148.26 160.72 150.78 164.55 153.34
18 hr 145.89 154.15 172.84 164.88 164.90 165.61 156.80 148.17 143.63 154.47
19 hr 149.07 146.11 162.54 177.60 172.33 157.43 172.28 168.34 190.06 154.45
20 hr 147.89 146.62 157.90 145.08 143.80 163.81 152.02 144.24 154.15 157.59
21 hr 144.06 138.68 141.59 139.27 141.36 152.59 138.46 134.35 146.57 143.07
22 hr 144.93 139.67 155.84 144.61 138.76 148.99 151.59 139.65 141.64 146.32
23 hr 139.49 129.61 139.81 150.14 128.97 121.25 133.83 131.96 123.14 128.17
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9 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 124.04 110.72 125.92 119.41 114.80 127.60 * 124.56 * 116.50
1 hr 107.63 129.65 124.14 121.70 116.80 120.14 131.52 129.87 122.02 139.26
2 hr 147.15 135.58 134.34 130.60 122.40 149.10 134.37 149.58 137.76 125.70
3 hr 140.43 150.42 131.14 131.46 134.28 132.56 131.13 134.70 131.96 122.23
4 hr 123.43 158.44 145.03 139.89 138.78 145.79 133.94 117.14 131.46 133.11
5 hr 128.40 127.88 130.91 136.62 116.50 112.49 113.04 121.21 117.25 111.39
6 hr 128.16 108.62 107.53 132.41 125.63 139.62 136.44 163.56 170.92 165.76
7 hr 155.61 153.34 186.80 173.83 151.99 154.72 180.97 163.75 145.80 135.58
8 hr 142.67 126.95 119.44 133.37 128.39 126.38 136.22 130.31 136.76 134.15
9 hr 135.51 134.81 131.97 154.44 144.23 133.14 138.06 141.97 134.87 107.08

10 hr 103.25 101.69 106.36 116.33 120.97 110.43 122.81 124.85 115.81 127.22
11 hr 117.88 133.20 121.59 112.64 116.84 116.69 135.04 154.14 134.82 138.26
12 hr 143.15 150.13 129.65 123.53 147.47 148.20 139.21 170.02 163.50 189.20
13 hr 158.62 163.03 162.88 160.25 157.96 148.95 156.36 129.98 120.39 135.92
14 hr 136.46 110.14 112.70 146.54 144.14 135.14 143.32 154.90 142.88 128.95
15 hr 153.55 151.68 136.50 140.98 144.37 141.64 132.39 147.95 138.37 137.16
16 hr 115.84 136.73 128.30 134.18 111.88 105.83 121.19 120.72 122.72 128.66
17 hr 124.62 151.07 164.83 147.59 197.58 171.68 160.85 157.13 161.69 181.30
18 hr 192.79 162.70 148.62 171.99 153.24 179.05 164.51 201.93 190.68 186.76
19 hr 170.85 156.03 150.52 151.02 139.04 128.69 137.58 151.72 133.82 125.70
20 hr 143.76 145.73 134.66 140.95 168.40 151.90 144.77 152.51 168.05 170.31
21 hr 172.45 167.19 148.48 167.12 147.00 159.18 146.60 143.00 130.34 130.43
22 hr 141.89 120.89 121.20 153.62 149.26 148.42 151.96 173.82 155.83 166.66
23 hr 167.58 166.63 182.58 172.09 175.62 170.19 193.29 170.16 162.59 165.21

10 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 174.88 159.47 152.15 184.64 175.67 158.60 164.05 155.33 149.20 148.64
1 hr 174.23 161.69 147.30 156.18 146.95 143.75 144.10 148.20 155.22 152.29
2 hr 159.75 155.31 160.70 160.19 181.20 175.35 156.32 169.27 186.98 178.41
3 hr 188.19 183.50 173.15 180.59 161.57 176.00 170.72 177.96 165.56 184.19
4 hr 170.88 165.61 161.75 166.30 168.52 153.65 180.18 173.36 169.83 161.33
5 hr 171.29 154.80 139.12 133.61 139.20 126.55 138.68 125.79 115.10 130.26
6 hr 131.08 128.90 132.15 134.72 140.87 141.68 124.99 129.36 149.90 132.02
7 hr 120.69 140.43 138.22 124.33 130.33 132.73 123.16 116.56 111.40 117.33
8 hr 109.45 118.00 116.18 114.41 114.36 113.16 107.01 105.74 102.12 102.90
9 hr 106.12 125.38 102.31 93.72 106.32 135.89 111.37 114.69 123.35 106.82

10 hr 108.95 110.52 106.11 107.08 * 118.55 111.58 109.68 126.65 117.77
11 hr 121.97 119.81 116.53 115.30 107.82 112.21 113.14 122.20 105.25 114.05
12 hr 118.02 115.27 119.97 111.16 109.95 118.91 125.66 131.61 135.40 144.25
13 hr 137.02 139.92 128.87 152.83 146.71 159.66 157.11 169.22 161.91 168.25
14 hr 157.03 168.81 165.49 167.38 169.07 160.97 159.72 144.73 136.92 131.48
15 hr 127.28 137.74 129.43 112.25 126.41 116.04 117.84 110.50 141.56 123.85
16 hr 115.30 106.04 144.74 125.79 105.26 107.95 142.03 117.05 128.29 109.38
17 hr 126.40 109.32 100.21 112.55 114.29 124.51 111.80 108.40 138.38 120.68
18 hr 121.04 139.18 170.98 165.10 181.29 159.61 202.43 239.44 193.11 159.59
19 hr 164.38 155.19 153.16 153.50 146.36 137.45 127.43 120.56 128.24 128.86
20 hr 161.81 145.07 175.54 145.75 145.35 169.45 137.15 117.22 119.14 107.78
21 hr 104.76 135.72 128.83 120.12 130.72 126.45 136.85 150.50 193.23 175.96
22 hr 161.12 150.41 134.96 134.91 130.75 134.10 157.02 134.56 125.19 117.55
23 hr 122.20 111.19 107.12 118.20 108.74 105.41 115.24 113.77 138.92 117.88
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11 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 108.90 118.72 104.13 118.57 119.36 148.37 138.03 128.93 128.41 166.99
1 hr 142.19 132.28 145.90 185.85 169.33 140.86 160.35 164.55 137.44 143.10
2 hr 165.32 150.37 145.25 159.22 156.30 164.03 159.09 144.29 128.53 149.30
3 hr 139.83 159.49 150.74 185.33 161.96 166.08 139.39 140.03 153.38 189.84
4 hr 148.84 136.01 159.08 134.29 124.90 135.67 144.23 147.27 141.99 154.51
5 hr 148.40 147.66 163.54 164.65 157.67 152.40 175.18 158.60 154.82 139.83
6 hr 182.31 173.97 170.82 154.55 166.07 159.08 152.48 158.46 160.89 173.40
7 hr 169.93 147.98 166.43 152.83 138.30 139.33 162.88 143.99 123.52 137.33
8 hr 144.23 163.65 170.06 141.89 130.41 143.30 120.48 162.33 137.94 122.01
9 hr 121.58 120.16 130.00 161.92 132.13 135.01 123.55 122.15 143.01 125.52

10 hr 110.34 112.73 117.25 145.40 132.95 126.29 131.62 173.33 144.50 125.13
11 hr 154.52 138.81 119.15 140.57 156.15 139.93 124.38 146.83 156.54 139.23
12 hr 131.07 165.48 147.12 138.97 154.12 189.24 162.89 210.83 192.26 197.03
13 hr 176.30 192.70 170.39 157.79 147.92 146.90 152.83 131.82 128.77 146.99
14 hr 130.67 137.66 155.15 126.47 125.65 143.25 126.70 124.29 144.57 134.93
15 hr 145.53 143.78 165.91 153.71 155.36 162.01 184.29 159.78 164.22 163.33
16 hr 188.72 167.60 159.58 184.25 175.00 166.70 156.76 193.94 174.96 175.42
17 hr 160.52 176.83 153.64 148.37 166.88 140.04 133.81 150.04 155.35 144.91
18 hr 140.69 162.45 135.21 135.27 159.25 147.93 140.64 141.12 148.16 138.41
19 hr 139.55 162.92 150.95 158.57 140.12 170.09 151.42 184.24 164.09 168.49
20 hr 160.97 172.20 156.33 161.30 147.49 135.43 166.27 173.94 171.51 154.07
21 hr 132.63 127.44 125.21 114.91 125.80 119.55 108.16 124.81 118.65 123.26
22 hr 114.76 121.68 113.06 112.21 142.19 135.28 141.37 149.38 188.51 166.99
23 hr 165.14 147.31 193.83 166.79 149.92 158.73 162.61 178.04 179.07 164.42

12 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 176.10 161.89 170.50 164.94 199.18 179.58 174.10 161.72 170.61 155.98
1 hr 134.80 127.77 128.53 116.22 120.84 120.48 114.82 159.22 150.23 146.82
2 hr 141.63 153.50 153.33 157.21 143.36 155.94 163.71 155.37 137.88 157.82
3 hr 144.91 133.34 145.13 130.33 117.50 128.06 135.58 143.11 128.80 148.52
4 hr 160.24 144.51 140.92 150.03 136.81 129.76 152.53 144.94 143.76 137.91
5 hr 196.23 167.75 152.04 150.25 146.85 153.77 141.55 158.51 151.31 160.58
6 hr 153.49 174.09 169.00 153.37 157.41 153.72 168.32 157.04 184.82 172.50
7 hr 170.83 163.97 159.04 157.66 137.78 145.32 140.50 129.06 147.53 125.75
8 hr 138.98 155.79 150.12 136.85 128.82 172.89 149.72 126.85 126.90 118.88
9 hr 125.17 138.53 141.59 147.05 145.58 152.81 161.59 143.59 136.92 155.44

10 hr 161.38 165.05 177.16 169.33 156.60 142.96 133.87 162.05 160.55 150.43
11 hr 154.63 169.42 155.57 147.90 169.22 157.39 151.71 152.12 188.55 179.47
12 hr 168.92 165.99 176.54 159.51 144.53 169.10 206.08 195.53 283.00 372.75
13 hr 433.59 403.91 299.06 267.73 272.57 353.79 299.33 253.79 219.00 183.89
14 hr 151.87 132.59 123.03 114.42 108.48 102.31 100.57 101.85 95.77 97.52
15 hr 100.04 93.71 93.36 93.94 91.24 89.85 97.64 100.39 100.90 95.17
16 hr 103.34 104.73 114.96 108.46 121.42 118.80 123.21 * 131.61 117.12
17 hr 126.31 121.55 115.65 118.40 114.35 134.97 125.25 133.15 124.77 133.63
18 hr 126.51 117.05 137.86 136.20 152.33 136.98 138.77 132.16 128.55 140.16
19 hr 129.32 122.48 136.01 163.81 147.85 143.55 156.12 162.09 154.42 154.91
20 hr 167.03 166.25 147.92 140.59 169.05 148.37 154.23 158.65 175.43 149.59
21 hr 140.09 131.39 122.93 120.35 119.43 123.01 126.55 132.41 128.51 123.72
22 hr 134.10 130.78 143.21 141.47 150.22 143.63 128.52 149.14 171.30 152.67
23 hr 144.18 155.62 151.59 142.40 146.38 183.31 173.20 160.61 169.69 227.55
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13 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 227.96 179.21 154.01 137.23 131.46 127.16 130.15 124.30 143.59 133.44
1 hr 142.63 210.51 281.55 328.68 265.41 202.59 160.48 138.35 127.78 119.50
2 hr 111.51 103.96 100.49 108.57 111.88 114.75 120.29 130.02 126.11 119.52
3 hr 124.99 126.22 139.52 128.15 116.32 132.40 128.03 128.36 125.53 150.61
4 hr 134.68 131.92 150.95 138.13 158.47 213.27 257.23 205.36 166.71 145.38
5 hr 135.12 129.04 120.62 121.73 116.29 110.69 111.14 108.43 102.84 98.80
6 hr 97.38 99.60 100.12 96.03 96.40 99.66 89.60 87.69 90.48 88.35
7 hr 86.13 93.22 91.54 92.61 100.92 98.81 95.09 102.27 120.08 111.85
8 hr 111.61 110.32 107.20 105.61 99.27 100.09 110.75 104.23 115.32 109.51
9 hr 112.16 111.88 114.02 121.79 124.39 123.44 122.72 134.74 125.38 135.85

10 hr 132.77 141.26 122.85 134.06 126.70 119.72 141.71 137.63 146.09 190.05
11 hr 211.78 169.91 146.56 137.92 147.29 143.61 147.17 147.86 166.65 153.24
12 hr 147.68 142.75 165.44 155.54 157.18 152.72 170.04 151.75 145.07 160.61
13 hr 145.35 150.49 149.22 151.47 152.21 153.90 160.31 138.43 132.32 157.99
14 hr 133.00 126.58 142.79 128.99 121.72 136.74 137.95 131.55 128.02 152.71
15 hr 142.62 135.27 140.13 129.40 129.01 135.71 131.35 126.20 131.04 153.62
16 hr 147.05 145.95 143.89 157.98 144.93 157.58 146.42 136.88 145.49 137.94
17 hr 127.20 145.67 139.35 148.94 144.45 134.88 142.87 130.90 139.13 133.04
18 hr 147.01 138.23 138.47 139.07 146.82 142.39 134.54 153.97 144.47 161.58
19 hr 150.08 147.24 144.99 197.42 182.22 189.92 169.12 151.93 149.93 148.59
20 hr 143.98 139.76 132.30 128.92 131.85 136.89 131.88 136.15 132.31 139.10
21 hr 141.20 148.82 138.91 130.40 143.68 145.24 156.57 143.63 162.54 154.21
22 hr 153.76 161.04 162.86 159.01 152.04 163.18 154.49 169.30 148.02 165.65
23 hr 158.26 150.10 158.87 170.37 160.31 158.06 161.22 155.39 149.68 152.17

14 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 161.14 148.04 139.63 160.68 145.16 145.07 137.69 130.38 149.19 144.75
1 hr 151.20 136.83 123.51 151.44 175.99 159.28 150.90 141.62 134.94 177.30
2 hr 149.01 154.77 154.22 131.08 166.02 174.99 168.43 146.53 177.89 199.35
3 hr 173.25 215.91 168.04 161.47 164.07 159.02 189.80 169.39 149.82 150.17
4 hr 142.18 136.77 140.84 132.10 130.62 141.22 133.98 130.39 142.43 127.43
5 hr 135.35 148.92 132.98 127.25 135.80 135.26 124.29 120.96 130.13 123.99
6 hr 122.55 127.08 121.28 112.87 132.68 133.96 117.98 112.21 103.06 104.52
7 hr 107.06 127.71 109.76 110.66 104.02 103.52 100.21 89.97 109.82 112.75
8 hr 117.34 117.60 176.88 167.53 150.72 131.52 121.29 121.78 114.53 110.46
9 hr 120.74 111.58 133.51 119.09 117.97 123.26 140.76 135.54 122.72 127.67

10 hr 124.71 161.68 143.41 145.80 149.51 157.89 150.11 131.45 132.19 142.30
11 hr 144.05 148.26 191.60 162.70 216.53 300.97 367.99 391.78 409.91 420.62
12 hr 415.96 316.11 236.84 181.65 156.71 139.16 127.24 121.20 116.93 109.19
13 hr 109.96 116.03 116.06 113.97 119.60 110.13 109.17 109.61 106.67 103.02
14 hr 101.57 99.58 102.34 109.70 105.58 116.22 111.61 111.04 110.27 107.42
15 hr 106.70 116.45 135.83 121.31 119.35 123.21 167.98 228.57 284.41 324.07
16 hr 236.32 173.21 144.83 124.55 111.71 106.65 112.90 121.69 131.68 128.89
17 hr 123.94 132.61 118.13 106.86 120.91 118.55 128.83 112.67 113.65 113.50
18 hr 135.62 121.74 119.38 124.41 122.42 116.01 123.52 136.22 132.30 120.31
19 hr 137.99 136.08 130.56 129.76 119.65 127.07 125.78 124.91 118.77 133.46
20 hr 140.17 124.30 112.06 127.73 148.66 123.32 132.27 149.26 138.09 139.18
21 hr 146.50 134.99 126.22 134.20 150.83 144.24 156.22 155.65 147.41 154.17
22 hr 143.02 153.86 145.83 157.67 138.81 134.27 138.13 135.50 131.59 151.00
23 hr 178.13 159.21 163.46 168.41 189.64 162.53 152.14 177.47 156.19 155.84
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15 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 172.40 184.65 160.12 151.48 181.23 157.21 144.05 154.35 145.18 155.87
1 hr 153.06 154.22 145.44 156.15 156.34 141.95 148.07 138.38 149.20 143.70
2 hr 158.35 157.87 159.26 155.37 145.52 166.75 168.94 158.83 164.13 156.69
3 hr 152.19 151.80 178.72 159.26 161.68 159.61 211.46 287.30 245.47 205.00
4 hr 175.29 160.23 155.79 149.76 143.54 152.25 149.18 137.46 126.47 141.35
5 hr 148.23 155.90 171.21 162.42 172.70 171.30 152.19 155.97 160.14 199.13
6 hr 175.34 152.42 150.38 145.60 164.30 154.79 157.94 147.73 163.45 155.47
7 hr 150.23 146.34 142.09 144.52 138.45 141.09 157.12 163.64 147.37 149.71
8 hr 152.59 160.53 136.29 133.16 150.03 164.98 138.52 139.05 145.06 134.27
9 hr 124.46 144.89 150.05 133.92 131.03 161.86 142.57 138.00 147.09 163.84

10 hr 148.24 132.86 163.83 151.46 149.62 147.67 144.88 146.50 138.67 154.63
11 hr 143.38 161.94 150.74 148.52 * 144.49 169.95 151.43 140.86 151.51
12 hr 148.57 153.47 158.53 165.38 169.65 157.87 158.28 147.49 159.74 154.42
13 hr 143.25 160.20 150.90 144.78 146.60 161.32 153.09 143.74 153.23 150.86
14 hr 154.96 140.06 143.63 142.09 144.63 164.96 236.62 312.35 338.28 241.63
15 hr 264.61 248.53 218.20 175.87 164.02 151.78 134.48 129.87 132.03 128.29
16 hr 123.51 123.10 125.95 * 117.28 111.84 105.60 105.90 98.88 98.76
17 hr 98.68 91.64 89.30 88.84 86.32 85.07 87.77 96.55 91.79 96.91
18 hr 97.38 100.19 97.72 92.22 93.11 86.13 84.53 83.36 81.14 84.36
19 hr 81.45 75.86 74.23 71.40 71.15 71.38 70.13 69.76 69.91 70.85
20 hr 71.38 74.03 75.88 75.13 73.91 74.05 73.42 74.52 75.13 77.86
21 hr 77.07 77.47 78.88 79.93 81.74 80.24 81.25 79.97 77.65 80.24
22 hr 79.49 80.13 82.97 83.79 82.30 81.56 83.41 86.60 85.21 88.12
23 hr 90.46 92.60 93.99 93.97 94.36 93.35 99.75 97.08 97.26 107.94

16 August 1990

0 min 6 min 12 min 18 min 24 min 30 min 36 min 42 min 48 min 54 min

0 hr 96.33 110.81 104.72 101.38 105.00 94.89 104.80 101.87 120.08 115.71
1 hr 110.16 109.82 108.97 99.99 101.10 101.47 94.61 103.09 99.16 96.06
2 hr 105.46 108.68 108.86 101.53 114.08 104.14 95.97 104.19 98.25 94.15
3 hr 98.48 112.44 91.06 91.21 95.44 83.67 89.21 89.44 85.21 84.25
4 hr 94.50 90.99 91.14 89.97 101.90 91.60 91.34 95.47 93.11 104.32
5 hr 107.65 105.85 107.15 104.68 106.37 111.03 107.92 113.62 124.85 128.61
6 hr 113.06 112.15 128.32 148.56 137.60 131.14 139.99 153.50 155.93 149.47
7 hr 144.33 133.17 157.10 147.06 132.83 134.08 134.39 126.49 127.87 137.38
8 hr 115.04 117.54 118.84 148.08 119.48 104.12 114.95 110.35 130.26 120.57
9 hr 107.95 116.21 110.05 135.97 126.86 117.03 125.49 116.50 115.77 109.27

10 hr 101.43 108.14 102.84 95.82 103.68 98.11 97.30 102.41 102.67 110.90
11 hr 105.83 110.07 105.31 117.86 112.56 135.39 140.83 125.08 117.42 112.07
12 hr 118.72 117.45 130.51 123.30 132.27 122.63 136.62 131.56 124.55 126.89
13 hr 150.53 136.58 158.80 144.91 156.67 145.37 147.94 142.10 134.18 148.86
14 hr 133.48 139.17 128.65 132.27 122.32 117.33 126.75 127.02 123.51 135.72
15 hr 123.52 139.90 137.85 137.93 129.92 152.93 138.05 157.19 160.41 142.59
16 hr 128.97 126.62 141.51 128.63 129.64 131.02 125.17 133.45 120.94 131.26
17 hr 117.95 112.12 112.13 142.75 117.29 109.58 135.28 146.79 120.97 122.53
18 hr 142.46 150.45 121.81 128.21 126.94 118.43 114.89 145.34 126.71 115.92
19 hr 122.32 116.80 107.37 124.90 132.70 135.90 118.05 118.20 111.46 106.27
20 hr 111.71 128.00 115.01 100.59 107.21 118.75 104.11 99.36 99.69 102.85
21 hr 101.99 112.60 130.15 125.07 128.54 115.37 132.58 121.26 110.80 129.38
22 hr 140.97 124.73 118.20 143.65 132.67 135.25 121.33 110.09 122.31 119.30
23 hr 106.59 104.11 107.61 100.60 95.22 96.84 92.13 90.22 100.87 98.68
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