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Basellini, Camarda & Booth (2022) provide a very useful review of the Lee-Carter method and its
most important extensions, in the context of forecasting mortality rates. Bringing together this rich
literature in a convenient overview will be extremely helpful to researchers navigating the literature
and identifying the most appropriate variant for tackling a range of mortality modelling problems.
I'd like to take a broader perspective, and highlight the value of this modelling framework for data
other than mortality rates, and to point out some of the connections between the Lee-Carter model and
several large modelling classes that are widely used in other areas of application.

Other age-specific applications

First, within demography, analogous models have been used for fertility, net migration, and other
series indexed by age. If we let the observation at time ¢ and age x be denoted by vy, then we can
write

J
Yxt = Ax + Z bx,jkt,]' + Ex,ts (1)
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where ), bx,j =1land 2]- ki; = 0for all j. When y,; = log(my), my s denotes the mortality rate for
age x and time ¢, and | = 1, we have the original Lee-Carter model. Lee-Carter mortality forecasts are
obtained when SVD is used to estimate the components, and k; ; follows a random walk with drift.

Lee (1993) applied the same model to fertility data, by setting v, : equal to the fertility rate for age x at
time ¢, and | = 1. Later Hyndman & Ullah (2007) used a similar model for fertility, where y, ; denotes
smoothed log fertility rates, ] > 1, and the various k; ; series were modelled using univariate ARIMA
models. A Bayesian variation of the model was used by Wisniowski et al. (2015) for fertility, mortality,

immigration and emigration data.

Hyndman & Booth (2008) applied (1) to smoothed log mortality rates, smoothed log fertility rates,
and smoothed net migration rates, in order to construct stochastic age-specific population forecasts.
Hyndman, Zeng & Shang (2021) used a similar idea, but combined it with the coherent product-ratio
models of Hyndman, Booth & Yasmeen (2013) to study the effect of pension age on the old-age
dependency ratio.

In fact, whenever we have age-specific data, a similar model can be used. For example, Mason &
Miller (2018) used the model for age-specific health care consumption, Url, Hyndman & Dokumentov
(2016) used it to model age-specific labour market participation rates, and Yap et al. (2018) used it to
model age-specific hospital admission rates.

Lee-Carter as a dynamic factor model

The Lee-Carter model can be considered a special case of some larger model classes that have been
well-studied by statisticians and econometricians. For example, it is a special case of a dynamic factor
model, as pointed out by French & O’Hare (2013), and can be used for any multivariate time series,
where x denotes the individual series. A dynamic factor model can be written as (Stock & Watson,
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2016)

y: = a+ B(L)k; + ey,
kt =d+ C(L)ktfl + Ht,

where y; is an N-vector of the observed time series at time ¢, k; is a J-vector of unobserved factors,
B(L) and C(L) are lag polynomial matrices of size N x | and | x | respectively, and e; and #; are
multivariate white noise errors that are also uncorrelated with each other. The specific Lee-Carter
model is obtained when | = 1, B(L) = [b11,...,bn1]’, and C(L) = 1. There is a rich literature on
dynamic factor models, largely in the context of economic and finance data, that could profitably be
applied to mortality and other demographic data.

Lee Carter as a functional data model

When x is a continuous variable (such as age), the model can be considered within the framework of
functional data models (Hyndman & Ullah, 2007), and then (1) is most naturally expressed as

/

yi(x) = a(x) + .Zibj(x)kt’j + es(x).
=

Within this model class, developments have included the use of dynamic functional principal compo-
nents, in contrast to the static components obtained using SVD (Gao, Shang & Yang, 2019), and the
use of functional partial least squares rather than principal components (Hyndman & Shang, 2009).
A combination of the functional data approach with dynamic factor models was proposed by Hays,
Shen & Huang (2012).

Generalized linear time series factor models

Brouhns, Denuit & Vermunt (2002) showed that it is helpful to embed a Lee-Carter type model within
a Generalized Linear Modelling (GLM) framework to account for the count nature of deaths. Once we
realise that a Lee-Carter model is a special case of a functional time series factor model, it becomes
clear that it will also be useful to consider these within a more general GLM-like framework. Early
approaches along these lines (but not in the context of mortality data) include Shen & Huang (2008)
and Clark & Wells (2022). An application of such models to mortality data is provided by Li, Huang &
Shen (2018).

Where to from here?

I have only touched on the vast literature available for these model families, each of which contains the
Lee-Carter model as a special case. Surely there is much to be learned from their applications across
many fields, and in the methodological and theoretical developments that have appeared outside of
the mortality modelling literature.
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