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Abstract

Exponential smoothing is one of the most popular forecasting methods. We present a tech-
nique for bootstrap aggregation (bagging) of exponential smoothing methods, which results
in significantly improved forecasts. The bagging uses a Box-Cox transformation followed by
an STL decomposition to separate the time series into trend, seasonal part, and remainder.
The remainder is then bootstrapped using a moving block bootstrap, and a new series is
assembled using this bootstrapped remainder. On the bootstrapped series, an ensemble of
exponential smoothing models is estimated, and the resulting point forecasts are combined.
We evaluate this new method on the M3 data set, showing that it consistently outperforms
the original exponential smoothing models. On the monthly data, we achieve better results
than any of the original M3 participants.

Keywords: bagging, bootstrapping, exponential smoothing, STL decomposition.

1. Introduction

After more than 50 years of widespread use, exponential smoothing is still one of the
most practically relevant forecasting methods available (Goodwin, 2010). Reasons for this
are its simplicity and transparency, as well as its ability to adapt to many situations. It also
has a solid theoretical foundation in ETS state-space models (Hyndman et al., 2002, 2008;
Hyndman and Athanasopoulos, 2013). Here, the acronym ETS stands both for ExponenTial
Smoothing and for Error, Trend, and Seasonality, which are the three components that define
a model within the ETS family.

In the M3 forecasting competition (Makridakis and Hibon, 2000; Koning et al., 2005),
exponential smoothing methods obtained competitive results, and with the forecast pack-
age (Hyndman and Khandakar, 2008; Hyndman, 2014) in the programming language R (R
Core Team, 2014), a fully automatic software for fitting ETS models is available. So, ETS
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models are usable, highly relevant in practice, and have a solid theoretical foundation, which
makes any attempts to improve their forecast accuracy a worthwhile endeavour.

Bootstrap aggregating (bagging), as proposed by Breiman (1996), is a popular method in
Machine Learning to improve the accuracy of predictors (Hastie et al., 2009), by addressing
potential instabilities. These instabilities typically stem from sources such as data uncer-
tainty, parameter uncertainty, and model selection uncertainty. An ensemble of predictors
is estimated on bootstrapped versions of the input data, and the output of the ensemble is
calculated by combining (using, e.g., the median, mean, trimmed mean, or weighted mean),
often yielding better point predictions. In this work, we propose a bagging methodology
for exponential smoothing methods, and evaluate it on the M3 data. As our input data are
non-stationary time series, both serial dependence and non-stationarity have to be taken
into account. We resolve these issues by applying a seasonal-trend decomposition based on
loess (STL, Cleveland et al.; 1990) and a moving block bootstrap (MBB, see, e.g., Lahiri,
2003) on the residuals of the decomposition.

Specifically, our proposed method of bagging is as follows. After applying a Box-Cox
transformation to the data, the series is decomposed into trend, seasonal and remainder
components. The remainder component is then bootstrapped using the MBB, the trend
and seasonal components are added back, and the Box-Cox transformation is inverted. In
this way, we generate a random pool of similar bootstrapped time series. For each one of
these bootstrapped time series, we choose a model among several exponential smoothing
models, using the bias-corrected AIC. Then, point forecasts are calculated using all the
different models, and the resulting forecasts are combined using the median.

The only related work we are aware of is the work of Cordeiro and Neves (2009) who
use a sieve bootstrap to perform bagging with ETS models. They use ETS to decompose
the data, then fit an AR model to the residuals, and generate new residuals from this AR
process. Finally, they fit the ETS model that was used for decomposition to all bootstrapped
series. They also test their method on the M3 dataset, and have some success on quarterly
and monthly data, but the overall results are not promising. In fact, the bagged forecasts
are often not as good as the original forecasts applied to the original time series. Our
bootstrapping procedure works differently, and yields better results. We use STL for the
time series decomposition, MBB to bootstrap the remainder, and choose an ETS model for
each bootstrapped series. With this procedure, we are able in particular to outperform the
original M3 methods in monthly data.

The rest of the paper is organized as follows. In Section 2, we discuss the proposed
methodology in detail. Section 3 presents the experimental setup and the results, and
Section 4 concludes the paper.

2. Methods

In this section, we describe in detail the different parts of our proposed methodology,
which are exponential smoothing, and the novel bootstrapping procedure involving a Box-
Cox transformation, STL decomposition, and the MBB. We illustrate the steps using series
M495 from the M3 dataset, which is a monthly series.
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2.1. Exponential smoothing

The general idea of exponential smoothing is that for forecasting, recent observations
are more relevant than older observations, so that they should be weighted more highly.
Accordingly, simple exponential smoothing, for example, uses a weighted moving average
with weights that decrease exponentially.

Starting from this basic idea, exponential smoothing has been expanded for modelling of
different components of a series, such as trend, seasonal, and remainder components, where
the trend captures the long-term direction of the series, the seasonal part captures repeating
components of a series with a known periodicity, and the remainder captures unpredictable
components. The trend component is a combination of a level term and a growth term.
For example, the Holt-Winters purely additive model (i.e., with additive trend and additive
seasonality) is defined by the following recursive equations:

b= a(ye — St—m) + (1 = @) (l—1 + be—1)

by =By — lio1) + (1 = B7)brs

st =y — b1 —bi1) + (1 — ) Stm
Uegne = b + hby + St m+ht

Here, /; denotes the series level at time ¢, b; denotes the slope at time ¢, s; denotes the
seasonal component of the series at time ¢, and m denotes the number of seasons in a year.
The constants «, 5*, and v are smoothing parameters in the [0, 1]-interval, A is the forecast
horizon, and A, = [(h — 1) mod m] + 1.

There is a whole family of ETS models, which can be distinguished by the type of
error, trend, and seasonality they use. In general, the trend can be non-existent, additive,
multiplicative, damped additive, or damped multiplicative. The seasonality can be non-
existent, additive, or multiplicative. The error can be additive or multiplicative; however,
distinguishing between these two options only has consequences for the prediction intervals,
not for the point forecasts. So, in total there are 30 models with different combinations of
error, trend and seasonality. The different combinations of trend and seasonality are shown
in Table 1. For more detailed descriptions, we refer to Hyndman et al. (2002), Hyndman
et al. (2008), and Hyndman and Athanasopoulos (2013).

In R, exponential smoothing is implemented in the ets function from the forecast
package (Hyndman and Khandakar, 2008; Hyndman, 2014). The different models are fitted
automatically to the data; i.e., the smoothing parameters and initial conditions are optimized
using maximum likelihood with a simplex optimizer (Nelder and Mead, 1965). Then, the
best model is chosen using the bias-corrected AIC. We note that out of the 30 possible
models, 11 can lead to numerical instabilities and are therefore not used by the ets function
(see Section 7.7 Hyndman and Athanasopoulos, 2013, for details). So, ets as it is used
within our bagging procedure chooses between 19 different models.



Trend component Seasonal component

N A M
(None) (Additive) (Multiplicative)
N (None) N,N N,A N.M
A (Additive) AN AA AM
A, (Additive damped) A4 N Ag A Ag,M
M (Multiplicative) M,N M,A M,M
My (Multiplicative damped) — Mg4,N My, A My,M

Table 1: The ETS model family, with different types of seasonality and trend.

2.2. The Box-Cox transformation

This is a popular transformation to stabilize the variance of a time series, originally
proposed by Box and Cox (1964). It is defined as follows:

_ log(yt)a A=0;
T - DA Ao

Depending on the parameter ), the transformation is essentially the identity (A = 1),
the logarithm (A = 0), or a transformation somewhere between. A difficulty is the way to
choose the parameter A. In this work, we restrict it to lie in the [0, 1] interval, and then use
the method of Guerrero (1993) to choose its value in the following way.

The series is divided into subseries of length equal to the seasonality or of length two if
the series is not seasonal. Then, for each of the subseries, the sample mean m and standard
deviation s are calculated, and A is chosen in a way that the coefficient of variation of
s/mU~Y across the subseries is minimized.

For the example time series M495, this method gives A = 6.61 x 107°. Figure 1 shows
the original series and the Box-Cox transformed version using this A.

2.8. Time series decomposition

For non-seasonal time series, we use the loess method (Cleveland et al., 1992), a smooth-
ing method based on local regressions, to decompose the time series into trend and remainder
components. For seasonal time series, we use STL, as presented by Cleveland et al. (1990),
to obtain trend, seasonal and remainder components.

In loess, for each data point a neighborhood is defined. The points in that neighborhood
are then weighted (using so-called neighborhood weights) according to their distance from
the respective data point. Finally, a polynomial of degree d is fitted to these points. Usually,
d =1 and d = 2 are used, i.e., linear or quadratic curves are fitted. The trend component is
equal to the value of the polynomial at each data point. In R, loess smoothing is available
by the function loess. For the non-seasonal data of our experiments, i.e., the yearly data
of the M3 competition, we use the function with a degree of d = 1. The neighborhood size

4



M495
2500 3500 4500 5500

1982 1984 1986 1988 1990 1992

Time

Box—Cox transformed
78 80 82 84 86

1982 1984 1986 1988 1990 1992

Time

Figure 1: Series M495 of the M3 dataset, which is a monthly time series. Above is the original series, below
the Box-Cox transformed version, with A = 6.61 x 107°.

is defined in this function by a parameter «, which is the proportion of overall points to
include in the neighborhood, with tricubic weighting. To get a constant neighborhood of
6 data points, we define this parameter to be 6 divided by the length of the time series in
consideration.

In STL, loess is used to divide the time series into trend, seasonal, and remainder com-
ponents. The division is additive, i.e., summing the parts gives the original series again.
In detail, the steps performed during STL decomposition are: (i) detrending; (ii) cycle-
subseries smoothing — series are built for each seasonal component, and smoothed sepa-
rately; (iii) low-pass filtering of smoothed cycle-subseries — the sub-series are put together
again, and smoothed; (iv) detrending of the seasonal series; (v) deseasonalizing the original
series, using the seasonal component calculated in the previous steps; and (vi) smoothing
the deseasonalized series to get the trend component. In R, the STL algorithm is available
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Figure 2: STL decomposition into trend, seasonal part, and remainder, of the Box-Cox transformed version
of series M495 of the M3 dataset.

through the stl function. We use it with its default parameters. The degrees for the loess
fitting in steps (iii) and (iv) are d = 1, and d = 0 in step (ii). Figure 2 shows the STL
decomposition of series M495 of the M3 dataset, as an example.

Another possibility for decomposition is, to use ETS modelling directly, as proposed
by Cordeiro and Neves (2009). However, an ETS model has its components defined in
terms of the noise terms, and they dynamically evolve with the noise. So, “simulating” an
ETS process by decoupling the level, trend and seasonal components from the noise and
treating them as if they are independent series may not work well. This is in contrast to
an STL decomposition in which the trend and seasonal components are smooth and the
way they change over time does not depend directly on the noise component. Therefore we
can independently simulate the noise term in an STL decomposition using bootstrapping
procedures.



2.4. Bootstrapping the remainder

As time series data are typically autocorrelated, adapted versions of the bootstrap exist
(see Lahiri, 2003; Gongalves and Politis, 2011). A prerequisite is stationarity of the series,
which we achieve by bootstrapping the remainder of the STL (or loess) decomposition.

In the MBB as originally proposed by Kiinsch (1989), data blocks of equal size are drawn
from the series, until the desired series length is achieved. For a series of length n, with a
block size of [, n — [ + 1 (overlapping) possible blocks exist.

We use block sizes of [ = 8 for yearly and quarterly data, and [ = 24 for monthly data,
i.e., at least two full years, to ensure any remaining seasonality is captured. As the shortest
series has n = 14 observations in total for the yearly data, care has to be taken that every
value from the original series can possibly be placed anywhere in the bootstrapped series.
To achieve this, we draw [n/l] + 2 blocks from the remainder series. Then, we discard
from the beginning of the bootstrapped series a random amount between zero and [ — 1
values. Finally, to obtain a series with the same length as the original series, we discard the
amount of values necessary to obtain the required length. This processing ensures that the
bootstrapped series does not necessarily begin or end on a block boundary.

In the literature, there exist various other methods for bootstrapping time series, such as
the tapered block bootstrap (Paparoditis and Politis, 2001), the dependent wild bootstrap
(DWB) (Shao, 2010a), and the extended tapered block bootstrap (Shao, 2010b). However,
Shao (2010a) concludes that “for regularly spaced time series, the DWB is not as widely
applicable as the MBB, and the DWB lacks the higher order accuracy property of the
MBB.” So that “the DWB is a complement to, but not a competitor of, existing block-
based bootstrap methods.” We performed preliminary experiments (which are not reported
here), using the tapered block bootstrap and the DWB, but use in this paper the MBB only,
as the other procedures were not giving substantial advantages.

bootstrapped versions
5000
| |

3000
|

Time

Figure 3: Bootstrapped versions (blue) of the original series M495 (black). Five bootstrapped series are
shown. It can be seen that the bootstrapped series resemble the behavior of the original series quite well.



Another type of bootstrap is the sieve bootstrap as proposed by Bithlmann (1997), and
used by Cordeiro and Neves (2009) in an approach similar to ours. Here, the dependence
in the data is tackled by fitting a model and then bootstrapping the residuals, assuming
they are uncorrelated. This bootstrapping procedure has the disadvantage that it has to be
assumed that the model captures all relevant information in the time series. The MBB has
the advantage that it makes no modelling assumptions other than stationarity, whereas the
sieve bootstrap assumes that the fitted model captures all of the serial correlation in the
data.

After bootstrapping the remainder, the trend and seasonality are combined with the
bootstrapped remainder, and the Box-Cox transformation is inverted, to get the final boot-
strapped sample. Figure 3 gives an illustration of bootstrapped versions of the example
series M495.

2.5. The overall procedure

To summarize, a scheme of the bootstrapping procedure is given in Algorithm 1. At
first, the value of A € [0, 1] is calculated according to Guerrero (1993). Then, the Box-Cox
transformation is applied to the series, and the series is decomposed into trend, seasonal part,
and remainder, using STL or loess. The remainder is then bootstrapped using the MBB,
the components are added together again, and the Box-Cox transformation is inverted.

Algorithm 1 Generating bootstrapped series

1: procedure BOOTSTRAP(ts, num.boot)

2 A < BoxCox.lambda(ts, min=0, max=1)

3 ts.bc < BoxCox(ts, \)

4: if ts is seasonal then

5: [trend, seasonal, remainder] < stl(ts.bc)

6 else

7 seasonal < 0

8 [trend, remainder] < loess(ts.bc)

9 end if

10: recon.series|1] < ts

11: for i in 2 to num.boot do

12: boot.sampleli] <~ MBB(remainder)

13: recon.series.bc[i] <— trend + seasonal + boot.sampleli]
14: recon.series|i] < InvBoxCox(recon.series.bcli], A)
15: end for

16: return recon.series

17: end procedure

After generating the bootstrapped time series, to every series the ETS model fitting
procedure is applied. As stated in Section 2.1, we use the ets function from the forecast
package (Hyndman and Khandakar, 2008; Hyndman, 2014). The model fits all possible
ETS models to the data, and then chooses the best model using the bias-corrected AIC.
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By applying the whole ETS fitting and model selection procedure to every bootstrapped
time series independently, we address data uncertainty, parameter uncertainty, and model
selection uncertainty.

For each horizon, the final resulting forecast is calculated from the forecasts from the
single models. We performed preliminary experiments using the mean, trimmed mean, and
median. However, in this study we restrict our analysis to the median, as it achieves good
results and is less sensitive to outliers than, e.g., the mean, also taking into account the
results of Kourentzes et al. (2014a).

3. Experimental study

In this section, we describe the forecasting methods, error measures, and statistical tests
that were used in the experiments, and the results obtained on the M3 dataset, separately
for yearly, quarterly, and monthly data.

3.1. Compared methods

In the following, we call the decomposition approach of Box-Cox transformation and STL
or loess proposed in this paper Boz-Coz and loess-based decomposition (BLD ). Bootstrapped
versions of the series are generated as discussed in Section 2, i.e., BLD is followed by the
MBB to generate bootstrapped versions of the series. We use an ensemble size of 100, so
that we estimate models on the original time series and on 99 bootstrapped series.

We compare our proposed method to the original ETS method, as well as to several
variants in the spirit of Cordeiro and Neves (2009). Namely, we consider all possible com-
binations of using BLD or ETS for decomposition, and the MBB or a sieve bootstrap for
bootstrapping the remainder. Here, the sieve bootstrap is implemented as follows: an
ARIMA model is fitted to the remainder of the method used for decomposition (BLD or
ETS), using the auto.arima function from the forecast package (Hyndman and Khan-
dakar, 2008; Hyndman, 2014), which automatically selects a model using the bias-corrected
AIC, with model orders up to five. Then, a normal bootstrapping procedure is applied to
the residuals of this ARIMA model. In particular, the following procedures are employed:

ETS The original exponential smoothing method applied to the original series, selecting
one model among all possible models using the bias-corrected AIC.

Bagged. BLD.MBB.ETS Our proposed method. I.e., the bootstrapped time series are
generated using BLD and MBB. For each of the generated series, a model is selected
from all exponential smoothing models using the bias-corrected AIC. Then, the fore-
casts from each of the models are combined using the median.

Bagged.ETS.Sieve.ETS ETS is used for decomposition and the sieve bootstrap as pre-
sented above is used for bootstrapping the remainder. This approach is very similar to
the approach of Cordeiro and Neves (2009). The main differences are that we choose
an ETS model for each bootstrapped series, so that this approach accounts for model
uncertainty, and that we use an ARIMA process instead of an AR process for the sieve
bootstrap.



Rank sMAPE Mean sMAPE Rank MASE Mean MASE

ForcX 12.458 16.480 12.437 2.769
AutoBox2 12.745 16.593 12.757 2.754
RBF 12.772 16.424 12.786 2.720
Flors.Pearcl 12.883 17.205 12.884 2.938
THETA 12.994 16.974 13.016 2.806
ForecastPro 13.050 17.271 13.064 3.026
ROBUST.Trend 13.118 17.033 13.147 2.625
PP.Autocast 13.223 17.128 13.205 3.016
DAMPEN 13.283 17.360 13.256 3.032
COMB.S.H.D 13.384 17.072 13.315 2.876
Bagged.BLD.Sieve.ETS 13.504 17.797 13.523 3.189
Bagged.BLD.MBB.ETS 13.588 17.894 13.601 3.152
SMARTFCS 13.755 17.706 13.783 2.996
ETS 13.867 17.926 13.935 3.215
HOLT 14.057 20.021 14.081 3.182
WINTER 14.057 20.021 14.081 3.182
ARARMA 14.462 18.356 14.551 3.481
B.J.auto 14.481 17.726 14.467 3.165
Flors.Pearc2 14.540 17.843 14.561 3.016
Bagged.ETS.Sieve.ETS 14.715 18.206 14.771 3.173
Auto.ANN 14.837 18.565 14.811 3.058
Bagged.ETS.MBB.ETS 15.051 18.685 15.128 3.231
AutoBox3 15.098 20.877 15.093 3.177
THETAsm 15.109 17.922 15.012 3.006
AutoBox1 15.444 21.588 15.426 3.679
NAIVE2 15.733 17.880 15.638 3.172
SINGLE 15.792 17.817 15.671 3.171

Table 2: Results for the yearly series, ordered by the first column, which is the average rank of SMAPE.
The other columns show mean sMAPE, average rank of MASE, and mean of MASE.

Bagged.BLD.Sieve.ETS BLD is used for decomposition, and the sieve bootstrap for boot-
strapping the remainder.

Bagged.ETS.MBB.ETS ETS is used for decomposition, and MBB for bootstrapping the
remainder.

3.2. Evaluation methodology

We use the yearly, quarterly, and monthly series from the M3 competition. There are
645 yearly, 756 quarterly, and 1428 monthly series, so that 2829 series in total are used. We
follow the M3 methodology, so that we forecast 6 periods ahead for yearly series, 8 periods
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Method PHoch

Bagged.BLD.Sieve ETS -
ETS 0.438
Bagged. BLD.MBB.ETS 0.438

Bagged . ETS.Sieve. ETS  0.034
Bagged. ETS.MBB.ETS 3.95 x 107°

Table 3: Results of statistical testing for yearly data, using the original ETS method and bagged ver-
sions of it. Adjusted p-values calculated from the Friedman test with Hochberg’s post-hoc procedure are
shown. A horizontal line separates the methods that perform significantly worse than the best method from
the ones that do not. The best method is Bagged.BLD.Sieve.ETS. It performs significantly better than
Bagged . ETS.Sieve.ETS and Bagged. ETS.MBB.ETS.

ahead for quarterly series, and 18 periods ahead for monthly series. The original data, as
well as the forecasts of the methods that participated in the competition, are available in
the R package Mcomp (Hyndman, 2013).

Although the M3 competition took place some time ago, the original submissions to
the competition are still competitive and valid benchmarks. To the best of our knowledge,
the only result in the literature that reports better performance than the original contest
winners is the recent work of Kourentzes et al. (2014b).

We use the symmetric MAPE (sMAPE) to measure the errors. The sMAPE is defined
as R

sMAPE = mean (200—“% — yf‘ ) ,
|ye| + 19
where 3, is the true value of the time series y at time ¢, and g; is the respective forecast. This
definition is slightly different from the definition given by Makridakis and Hibon (2000), as
they do not use absolute values in the denominator. However, as the series in the M3 have
all strictly positive values, this difference in the definition should not have any effect in
practice (except if a method produces negative forecasts).

Furthermore, we use also the mean absolute scaled error (MASE) as proposed by Hyn-
dman and Koehler (2006). It is defined as the mean absolute error on the test set, scaled
by the mean absolute error of a benchmark method on the training set. The naive forecast

is used as a benchmark, taking into account the seasonality of the data. So, the MASE is

defined as: .
mean (|y; — U|)

mean (|y; — Yi—m|)’
where m is the periodicity, which is 1 for yearly data, 4 for quarterly data, and 12 for
monthly data. The variable 7 runs over the training data, and ¢ over the test data.

We calculate the sMAPE and MASE as averages over all horizons per series. Then,
we calculate overall means of these measures across series, and also rank the forecasting
methods for each series and calculate averages of the ranks across series. Calculating the
average ranks has the advantage of being more robust to outliers than the overall means.

MASE =
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Method PHoch

ForcX -

AutoBox2 0.516
RBF 0.516
Flors.Pearcl 0.516
THETA 0.516
ForecastPro 0.516
ROBUST.Trend 0.516
PP.Autocast 0.516
DAMPEN 0.496
COMB.S.H.D 0.325

Bagged.BLD.Sieve.ETS 0.180
Bagged. BLD.MBB.ETS 0.117

SMARTFCS 0.040

ETS 0.019

WINTER 0.004

HOLT 0.004

ARARMA 9.27 x 107°
B.J.auto 8.06 x 107°
Flors.Pearc2 4.44 x 107
Bagged.ETS.Sieve. ETS 6.27 x 107°
Auto.ANN 1.47 x 107
Bagged . ETS.MBB.ETS 9.33 x 10~
AutoBox3 5.10 x 1078
THETAsm 4.63 x 1078
AutoBox1 3.40 x 10710
NAIVE2 3.15 x 10712
SINGLE 1.19 x 10712

Table 4: Results of statistical testing for yearly data, including our results (printed in boldface) and the
original results of the M3. Adjusted p-values calculated from the Friedman test with Hochberg’s post-hoc
procedure are shown. A horizontal line separates the methods that perform significantly worse than the
best method from the ones that do not.
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3.3. Statistical tests of the results

We use the Friedman rank-sum test for multiple comparisons to detect statistically sig-
nificant differences within the methods, and the post-hoc procedure of Hochberg and Rom
(1995) to further analyze those differences (Garcia et al., 2010)'. The statistical testing is
done using the SMAPE measure.

At first, we use the testing framework to determine if the differences among the proposed
and basis models are statistically significant. Then, in a second step, we compare these
models with the testing framework to the methods that originally participated in the M3
competition. A significance level of a = 0.05 is used.

3.4. Results on the yearly data

Table 2 shows the results for all methods on the yearly data. The results are ordered by
average rank of SMAPE. It can be seen that the bagged versions using BLD for decomposition
perform better than the original ETS method, consistently outperforming it in all measures.
The bagged versions using ETS for decomposition perform worse than the original ETS
method.

Table 3 shows the results of the first case of statistical testing, where we compare the
bagged and ETS methods among themselves. The table shows the p-values adjusted by
the post-hoc procedure. The Friedman test has an overall p-value of 5.11 x 1075, which is
highly significant. The method with the best ranking, Bagged. BLD.Sieve.ETS in this case,
is chosen as the control method. We can see then from the table that differences against the
methods using E'TS for decomposition are significant on the chosen significance level.

Table 4 shows the results of the further statistical testing, where we compare the bagged
and ETS methods against the methods from the M3 competition. The overall result of the
Friedman rank sum test is a p-value of 1.59 x 10719, which is highly significant. We see that
the ForcX method obtains the best ranking and is used as the control method. Differences to
the bagged ETS methods using BLD for decomposition are not significant, but ETS and the
bagged versions using ETS for decomposition perform significantly worse than the control
method.

3.5. Results on the quarterly data

Table 5 shows the results for all methods on the quarterly data, ordered by average rank
of sSMAPE. It can be seen that the proposed bagged method outperforms the original ETS
method in terms of average rank of SMAPE, and average rank and mean MASE, but not in
mean sSMAPE. This may indicate that, in general, the proposed method performs better,
but there are some single series where it yields worse sMAPE results.

Table 6 shows the results of statistical testing considering only the ETS and bagged
methods. The Friedman test for multiple comparisons results in a p-value of 1.62 x 10719,
which is highly significant. The method with the best ranking is the proposed method,

!More information can be found on the thematic web site of SCI2S about Statistical Inference in Com-
putational Intelligence and Data Mining http: // scils. ugr. es/sicidm
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Bagged. BLD.MBB.ETS. We can see from the table that differences to the methods using
ETS for decomposition are statistically significant, but not the differences to the original
ETS method.

Table 7 shows the results for further statistical testing of the bagged and ETS methods
against the methods from the original M3 competition. The overall result of the Friedman
rank sum test is a p-value of 1.11 x 1071°, which is highly significant. We see from the table
that the THETA method performs best and is chosen as the control method. It outperforms
all methods but COMB.S.H.D with statistical significance.

3.6. Results on the monthly data

Table 8 shows the results for all methods on the monthly data, ordered by average rank
of SMAPE. The bagged versions using BLD for decomposition again outperform the original
ETS method. Furthermore, Bagged. BLD.MBB.ETS also consistently outperforms all the
original methods from the M3 in all measures.

Table 9 shows the results of statistical testing considering only the bagged and ETS
methods. The Friedman test gives a p-value of 5.02 x 1071°, so that differences are highly
significant. The method with the best ranking is Bagged. BLD.MBB.ETS, and we can see
from the table that it outperforms the original method and methods using ETS for decom-
position, with statistical significance.

Table 10 shows the results for statistical testing of the bagged and ETS methods against
the methods from the original M3 competition. The overall result of the Friedman rank
sum test is a p-value of 2.92 x 1071°, so that it is highly significant. We see from the table
that the proposed method, Bagged. BLD.MBB.ETS, is the best method, and that only the
THETA method, ForecastPro, and Bagged.BLD.Sieve. ETS are not significantly worse on
the chosen 5% significance level.

4. Conclusions

In this work, we have presented a novel method of bagging for exponential smooth-
ing methods, using a Box-Cox transformation, STL decomposition, and a moving block
bootstrap. The method is able to consistently outperform the basic exponential smoothing
methods. These results are statistically significant in the case of the monthly series, but not
in the case of the yearly and quarterly series. This may be due to the fact that the longer
monthly series allow for tests with greater power, and the quarterly and yearly series are
too short for the differences to be significant.

Furthermore, on the monthly data of the M3 competition, the bagged exponential
smoothing method is able to outperform all methods that took part in the competition,
most of them with statistical significance. So this method can be recommended for routine
practical application, especially for monthly data.
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Rank sMAPE Mean sMAPE Rank MASE Mean MASE

THETA 11.792
COMB.S.H.D 12.546
ROBUST.Trend 12.819
DAMPEN 13.067
ForecX 13.179
PP.Autocast 13.207
ForecastPro 13.544
B.J.auto 13.550
RBF 13.561
HOLT 13.575
Bagged.BLD.MBB.ETS 13.716
WINTER 13.723
ARARMA 13.827
AutoBox2 13.874
Flors.Pearcl 13.881
ETS 14.091
Bagged.BLD.Sieve.ETS 14.161
Auto.ANN 14.317
THETAsm 14.570
SMARTFCS 14.574
Flors.Pearc2 14.761
AutoBox3 14.823
AutoBox1 15.048
SINGLE 15.118
NAIVE2 15.296
Bagged.ETS.Sieve.ETS 15.687
Bagged.ETS.MBB.ETS 15.696

8.956
9.216
9.789
9.361
9.537
9.395
9.815
10.260
9.565
10.938
10.132
10.840
10.186
10.004
9.954
9.864
10.026
10.199
9.821
10.153
10.431
11.192
10.961
9.717
9.951
10.707
10.632

11.786
12.540
12.821
13.050
13.169
13.196
13.571
13.551
13.534
13.513
13.701
13.665
13.786
13.920
13.888
14.128
14.204
14.337
14.546
14.629
14.824
14.763
15.055
15.093
15.290
15.706
15.737

1.087
1.105
1.152
1.126
1.155
1.128
1.204
1.188
1.173
1.225
1.219
1.217
1.185
1.185
1.184
1.225
1.241
1.241
1.211
1.226
1.255
1.272
1.331
1.229
1.238
1.351
1.332

Table 5: Results for the quarterly series, ordered by the first column, which is the average rank of sMAPE.

Method

PHoch

Bagged. BLD.MBB.ETS
ETS
Bagged.BLD.Sieve.ETS

0.354
0.147

Bagged . ETS.Sieve. ETS
Bagged ETS.MBB.ETS

6.94 x 1077
5.00 x 1078

Table 6: Results of statistical testing for quarterly data, using the original ETS method and bagged
versions of it. The best method is Bagged.BLD.MBB.ETS. It performs significantly better than

Bagged . ETS.Sieve. ETS and Bagged. ETS.MBB.ETS.
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Method PHoch

THETA -
COMB.S.H.D 0.065
ROBUST.Trend 0.024
DAMPEN 0.005
ForcX 0.003
PP.Autocast 0.003
B.J.auto 1.07 x 1074
RBF 1.07 x 1074
HOLT 1.07 x 1074
Bagged.BLD.MBB.ETS 2.46 x 107°
WINTER 2.46 x 107°
ARARMA 7.50 x 1076
AutoBox2 4.46 x 1076
Flors.Pearcl 4.37 x 1076
ETS 2.68 x 1077
Bagged.BLD.Sieve.ETS 1.04 x 1077
Auto.ANN 1.06 x 1078
THETAsm 1.83 x 10710
SMARTFCS 1.81 x 10710
Flors.Pearc2 7.15 x 10712
AutoBox3 2.40 x 10712
AutoBox1 3.34 x 107 ™
SINGLE 8.57 x 1071
NAIVE2 2.25 x 10716

Bagged.ETS.Sieve.ETS 3.61 x 107
Bagged.ETS.MBB.ETS 3.02 x 107%

Table 7: Results of statistical testing for quarterly data, including our results (printed in boldface) and the
original results of the M3. A horizontal line separates the methods that perform significantly worse than
the best method from the ones that do not. We see that only the COMB.S.H.D is not worse with statistical
significance than the THETA method.
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Rank sMAPE Mean sMAPE Rank MASE Mean MASE

Bagged.BLD.MBB.ETS
THETA

ForecastPro
Bagged.BLD.Sieve.ETS
Bagged.ETS.Sieve.ETS
COMB.S.H.D

ETS
Bagged.ETS.MBB.ETS
HOLT

ForcX

WINTER

RBF

DAMPEN

AutoBox2

B.J.auto

AutoBox1

Flors.Pearc2

SMARTFCS

Auto.ANN

ARARMA

PP.Autocast

AutoBox3

Flors.Pearcl

THETAsm
ROBUST . Trend

SINGLE

NAIVE2

11.714
11.992
12.035
12.059
13.079
13.083
13.112
13.180
13.312
13.374
13.650
13.842
14.118
14.250
14.278
14.333
14.492
14.495
14.528
14.715
14.785
14.892
15.213
15.292
15.446
15.940
16.790

13.636
13.892
13.898
13.734
13.812
14.466
14.286
13.873
15.795
14.466
15.926
14.760
14.576
15.731
14.796
15.811
15.186
15.007
15.031
15.826
15.328
16.590
15.986
15.380
18.931
15.300
16.891

11.725
11.932
12.064
12.073
12.990
13.134
13.150
13.116
13.276
13.415
13.631
13.861
14.175
14.294
14.290
14.335
14.525
14.399
14.561
14.720
14.862
14.801
15.211
15.285
15.353
16.004
16.819

0.846
0.858
0.848
0.870
0.888
0.896
0.889
0.870
0.909
0.894
1.165
0.910
0.908
1.082
0.914
0.924
0.950
0.919
0.928
0.907
0.994
0.962
1.008
0.950
1.039
0.974
1.037

Table 8: Results for the monthly series, ordered by the first column, which is the average rank of sMAPE.

Method

PHoch

Bagged. BLD.MBB.ETS
Bagged.BLD.Sieve.ETS

0.338

Bagged.ETS.Sieve. ETS

ETS

Bagged. ETS.MBB.ETS  5.17 x 101!

3.70 x 10~
432 x 10°8

Table 9: Results of statistical testing for monthly data, using the original ETS method and bagged versions of
it. The best method is Bagged. BLD.MBB.ETS. It performs significantly better than Bagged. ETS.Sieve. ETS,
Bagged. ETS.MBB.ETS, and the original ETS method.
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Method DPHoch
Bagged. BLD.MBB.ETS -

THETA 0.349
ForecastPro 0.349
Bagged.BLD.Sieve. ETS 0.349
Bagged.ETS.Sieve. ETS 1.71 x 107°
COMB.S.H.D 1.71 x 107°
ETS 1.50 x 107
Bagged.ETS.MBB.ETS 5.56 x 107¢
HOLT 5.93 x 1077
ForcX 2.03 x 1077
WINTER 7.05 x 10710
RBF 8.45 x 10~12
DAMPEN 6.97 x 1071
AutoBox2 1.76 x 10716
B.J.auto 8.27 x 10717
AutoBox1 1.74 x 10717
Flors.Pearc2 1.37 x 10719
SMARTFCS 1.29 x 1071
Auto.ANN 4.81 x 10720
ARARMA 1.02 x 10722
PP.Autocast 9.18 x 10~
AutoBox3 2.15 x 1072
Flors.Pearcl 1.10 x 10739
THETAsm 4.70 x 10732
ROBUST.Trend 7.73 x 107
SINGLE 1.50 x 10~
NAIVE2 4.53 x 107%4

Table 10: Results of statistical testing for monthly data, including our results (printed in boldface) and the
original results of the M3. Bagged. BLD.MBB.ETS performs best, and only the THETA, ForecastPro, and
Bagged.BLD.Sieve.ETS methods do not perform significantly worse.
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