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Exercise 4.1

Additive Model ETS(A,N,N)

yt = xt−1 + εt

xt = xt−1 + αεt

Therefore

V(y1 | x0) = V(x0 + ε1 | x0) = σ2
A

V(y2 | x0) = V(x1 + ε2 | x0) = V(x0 + αε1 + ε2 | x0)

= α2σ2
A + σ2

A = (1 + α2)σ2
A

V(y3 | x0) = V(x2 + ε3 | x0) = V(x1 + αε2 + ε3 | x0)

= V(x0 + αε1 + αε2 + ε3 | x0)

= α2σ2
A + α2σ2

A + σ2
A = (1 + 2α2)σ2

A

...

V(yt | x0) = V(xt−1 + εt | x0) = [1 + (t− 1)α2]σ2
A

Multiplicative Model ETS(M,N,N)

yt = xt−1(1 + εt)

xt = xt−1(1 + αεt)

V(y1 | x0) = V [x0(1 + ε1) | x0]

= x20σ
2
M

V(y2 | x0) = V [x1(1 + ε2) | x0]

= V[x0(1 + αε1)(1 + ε2) | x0]

= x20(α2σ2
M + σ2

M + α2σ2
Mσ

2
M ) = x20[α2σ2

M (1 + σ2
M ) + σ2

M ]

= x20[(1 + α2σ2
M )(1 + σ2

M )− 1]

V(y3 | x0) = V[x2(1 + ε3) | x0]

= V[x1(1 + αε2)(1 + ε3) | x0]

= V[x0(1 + αε1)(1 + αε2)(1 + ε3) | x0]

= x20V(αε1 + αε2 + ε3 + αε1ε3 + αε2ε3 + α2ε1ε2 + α2ε1ε2ε3 + 1)

= x20[α2σ2 + α2σ2
M + σ2

M + α2σ2
Mσ

2
M + α2σ2

Mσ
2
M + α4σ2

Mσ
2
M + α4σ2

Mσ
2
Mσ

2
M ]

= x20[(1 + σ2)(1 + α2σ2
M )]

...

V(yt | x0) = x20
[
(1 + σ2

M )(1 + α2σ2
M )t−1 − 1

]
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Exercise 4.2

ETS(A,M,M)

yt = `t−1bt−1st−m + εt

`t = `t−1bt−1 + αεt/st−m

bt = bt−1 + βε/(st−m`t−1)

st = st−m + γεt/(`t−1bt−1)

In vector form:

`t
bt
st
st−1

...
st−m+1


=



`t−1bt−1
bt−1
st−m
st−1

...
st−m+1


−



α/st−m
β/(st−m`t−1)
γ/(`t−1bt−1)

0
...
0


(`t−1bt−1st−m) +



α/st−m
β/(st−m`t−1)
γ/(`t−1bt−1)

0
...
0


yt,

or

xt =

[
f(xt−1)− g(xt−1)

w(xt−1)

r(xt−1)

]
+

g(xt−1)

r(xt−1)
yt,

where

xt =



`t
bt
st
st−1

...
st−m+1


g(xt−1) =



α/st−m
β/(st−m`t−1)
γ/(`t−1bt−1)

0
...
0


f(xt−1) =



`t−1bt−1
bt−1
st−m
st−1

...
st−m+1


w(xt−1) = (`t−1bt−1st−m) and r(xt−1) = 1.

Thus the recursive relationships are given by:

`t = `t−1bt−1 − α`t−1bt−1 + αst−m/yt

= (1− α)`t−1bt−1 + αst−m/yt

bt = bt−1 − βbt−1 + βyt/(st−m`t−1)

= bt−1 − βbt−1 + (β/α) [`t − (1− α)`t−1bt−1] /`t−1

= bt−1 − βbt−1 + (β/α) [`t − `t−1bt−1 + α`t−1bt−1] /`t−1

= bt−1 − βbt−1 + (β/α) + `t/`t−1 + (β/α)bt−1 + βbt−1

= (β/α)`t/`t−1 + (1− β/α)bt−1

st = st−m − γst−m + γyt/(`t−1bt−1)

= (1− γ)st−m + γyt/(`t−1bt−1).

ETS(A,Md,M)

yt = `t−1b
φ
t−1st−m + εt

`t = `t−1b
φ
t−1 + αεt/st−m

bt = bφt−1 + βεt/(st−m`t−1)

st = st−m + γεt/(`t−1b
φ
t−1)
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In vector form:

`t
bt
st
st−1

...
st−m+1


=



`t−1b
φ
t−1

bφt−1
st−m
st−1

...
st−m+1


−



α/st−m
β/(st−m`t−1)

γ/(`t−1b
φ
t−1)

0
...
0


(`t−1b

φ
t−1st−m) +



α/st−m
β/(st−m`t−1)

γ/(`t−1b
φ
t−1)

0
...
0


yt,

or

xt =

[
f(xt−1)− g(xt−1)

w(xt−1)

r(xt−1)

]
+

g(xt−1)

r(xt−1)
yt,

where

xt =



`t
bt
st
st−1

...
st−m+1


g(xt−1) =



α/st−m
β/(st−m`t−1)
γ/(`t−1bt−1)

0
...
0


f(xt−1) =



`t−1b
φ
t−1

bφt−1
st−m
st−1

...
st−m+1



w(xt−1) = (`t−1b
φ
t−1st−m) and r(xt−1) = 1.

Thus the recursive relationships are given by:

`t = `t−1b
φ
t−1 − α`t−1b

φ
t−1 + αst−m/yt

= (1− α)`t−1b
φ
t−1 + αst−m/yt

bt = bφt−1 − βb
φ
t−1 + βyt/(st−m`t−1)

= bφt−1 − βb
φ
t−1 + (β/α)

[
`t − (1− α)`t−1b

φ
t−1

]
/`t−1

= bφt−1 − βb
φ
t−1 + (β/α)

[
`t − `t−1bφt−1 + α`t−1b

φ
t−1

]
/`t−1

= bφt−1 − βb
φ
t−1 + (β/α) + `t/`t−1 + (β/α)bφt−1 + βbφt−1

= (β/α)`t/`t−1 + (1− β/α)bφt−1

st = st−m − γst−m + γyt/(`t−1b
φ
t−1)

= (1− γ)st−m + γyt/(`t−1b
φ
t−1).

Exercise 4.3

ETS(M,M,M)

yt = (`t−1bt−1st−m)(1 + εt)

`t = (`t−1bt−1)(1 + αεt)

bt = bt−1(1 + βεt)

st = st−m(1 + γεt)

In vector form: 

`t
bt
st
st−1

...
st−m+1


=



`t−1bt−1
bt−1
st−m
st−1

...
st−m+1


−



α(`t−1bt−1)
βbt−1
γst−m

0
...
0


+



α/st−m
β/(st−m`t−1)
γ/(`t−1bt−1)

0
...
0


yt,
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or

xt =

[
f(xt−1)− g(xt−1)

w(xt−1)

r(xt−1)

]
+

g(xt−1)

r(xt−1)
yt

where

xt =



`t
bt
st
st−1

...
st−m+1


g(xt−1) =



α`t−1bt−1
βbt−1
γst−m

0
...
0


f(xt−1) =



`t−1bt−1
bt−1
st−m
st−1

...
st−m+1


w(xt−1) = (`t−1bt−1st−m) and r(xt−1) = (`t−1bt−1st−m).

Thus the recursive relationships are given by:

`t = `t−1bt−1 − α`t−1bt−1 + αyt/st−m

= (1− α)`t−1bt−1 + αyt/st−m

bt = bt−1 − βbt−1 + βyt/(st−m`t−1)

= bt−1 − βbt−1 + (β/α) [`t − (1− α)`t−1bt−1] /`t−1

= bt−1 − βbt−1 + (β/α) [`t − `t−1bt−1 + α`t−1bt−1] /`t−1

= bt−1 − βbt−1 + β/α+ `t/`t−1 + (β/α)bt−1 + βbt−1

= (β/α)`t/`t−1 + (1− β/α)bt−1

st = st−m − γst−m + γyt/(`t−1bt−1)

= (1− γ)st−m + γyt/(`t−1bt−1)

ETS(M,Md,M)

yt = (`t−1b
φ
t−1st−m)(1 + εt)

`t = (`t−1b
φ
t−1)(1 + αεt)

bt = bφt−1(1 + βεt)

st = st−m(1 + γεt)

In vector form: 

`t
bt
st
st−1

...
st−m+1


=



`t−1b
φ
t−1

bφt−1
st
st−1

...
st−m+1


−



α(`t−1b
φ
t−1)

βbφt−1
γst−m

0
...
0


+



α/st−m
β/(st−m`t−1)

γ/(`t−1b
φ
t−1)

0
...
0


yt

or

xt =

[
f(xt−1)− g(xt−1)

w(xt−1)

r(xt−1)

]
+

g(xt−1)

r(xt−1)
yt

where

xt =



`t
bt
st
st−1

...
st−m+1


g(xt−1) =



α(`t−1b
φ
t−1)

βbφt−1
γst−m

0
...
0


f(xt−1) =



`t−1b
φ
t−1

bφt−1
st
st−1

...
st−m+1


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w(xt−1) = (`t−1b
φ
t−1st−m) and r(xt−1) = (`t−1b

φ
t−1st−m).

Thus the recursive relationships are given by:

`t = `t−1b
φ
t−1 − α`t−1b

φ
t−1 + αyt/st−m

= (1− α)`t−1b
φ
t−1 + αyt/st−m

bt = bφt−1 − βb
φ
t−1 + βyt/(st−m`t−1)

= bφt−1 − βb
φ
t−1 + (β/α)

[
`t − (1− α)`t−1b

φ
t−1

]
/`t−1

= bφt−1 − βb
φ
t−1 + (β/α)

[
`t − `t−1bφt−1 + α`t−1b

φ
t−1

]
/`t−1

= bφt−1 − βb
φ
t−1 + β/α+ `t/`t−1 + (β/α)bφt−1 + βbφt−1

= (β/α)`t/`t−1 + (1− β/α)bφt−1

st = st−m − γst−m + γyt/(`t−1b
φ
t−1)

= (1− γ)st−m + γyt/(`t−1b
φ
t−1)

Exercise 4.4

Local trend model

yt = (`t−1 + bt−1)(1 + εt)

`t = (`t−1 + bt−1)(1 + αεt)

bt = bt−1 + β(`t−1 + bt−1)εt

ŷt+1|t = E[(`t + bt)(1 + εt+1) | bt, `t] = `t + bt

et+1|t = yt+1 − ŷt+1|t = (`t + bt)εt

V(et+1|t) = (`t + bt)
2σ2

ŷt+2|t = E[(`t+1 + bt+1)(1 + εt+2) | bt, `t]
= E {[(`t + bt)(1 + αεt+2) + (bt + β(`t + bt)εt+1)(1 + εt+2)] | bt, `t}
= E {[`t + αεt+1 + bt + αbtεt+1 + bt + btεt+2 + β`tεt+1 + β`tεt+1εt+2 + βbtεt+1εt+2] | bt, `t}
= `t + bt + bt = `t + 2bt

et+2|t = yt+2 − ŷt+2|t = α`tεt+1 + αbtεt+1 + btεt+2 + β`tεt+1 + β`tεt+1εt+2 + βbtεt+1εt+2

= (α`t + αbt + β`t)εt+1 + btεt+2 + (β`t + βbt)εt+1εt+2

V(et+2|t) = (α`t + αbt + β`t)
2σ2 + b2tσ

2 + (β`t + βbt)
2σ2σ2

= [(α`t + αbt + β`t)
2 + b2t + (β`t + βbt)

2σ2]σ2

Local Level Model with Drift

yt = (`t−1 + b)(1 + εt)

`t = (`t−1 + b)(1 + αεt)

ŷt+1|t = E[(`t + b)(1 + εt+1) | yt] = `t + b

et+1|t = yt+1 − ŷt+1|t = (`t−1 + b)εt+1

E[et+1|t]
2 = (`t−1 + b)2σ2

ŷt+2|t = E[(`t+1 + b)(1 + εt+2) | yt] = E {[(`t + b)(1 + αεt+1) + b](1 + εt+2) | yt}
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= E {[(`t + b) + (`t + b)αεt+1 + b](1 + εt+2) | yt}
= E[(`t + 2b) + (`t + b)αεt+1 + (`t + 2b)εt+2 + (`t + b)αεt+1εt+2] = `t + 2b

et+2|t = yt+2 − ŷt+2|t

= α(`t + b)εt+1 + (`t + 2b)εt+2 + (`t + b)αεt+1εt+2

E[et+2|t]
2 = α2(`t + b)2σ2 + (`t + 2b)2σ2 + (`t + b)2α2σ2σ2

= α2(`t + b)2σ2(1 + σ2) + (`t + 2b)2σ2

ŷt+3|t = E[(`t+2 + b)(1 + εt+3) | yt]
= E {[(`t+1 + b)(1 + αεt+2) + b](1 + εt+3) | yt}
= E {[(`t + b)(1 + αεt+1) + b](1 + αεt+2) + b](1 + εt+3) | yt}
= `t + b+ b+ b = `+ 3b

et+3|t = yt+3 − ŷt+3|t

= (`t + b)αεt+1 + (`t + 2b)αεt+2 + (`t + b)α2εt+1εt+2 + (`t + 3b)εt+3

+ (`t + b)αεt+1εt+3 + (`t + 2b)αεt+2εt+3 + (`t + b)2εt+1εt+2εt+3

E[et+3|t]
2 = (`t + b)2α2σ2 + (`t + 2b)2α2σ2 + (`t + b)2α4σ2σ2 + (`t + 3b)2σ2

+ (`t + b)2α2σ2σ2 + (`t + 2b)2α2σ2σ2 + (`t + b)2α4σ2σ2σ2

= (`t + b)2α2σ2[1 + 2α2σ2 + α2σ4] + (`t + 2b)2σ2α2(1 + σ2) + (`t + 3b)2σ2

Exercise 4.5

Damped trend model

yt = (`t−1 + φbt−1)(1 + εt)

`t = (`t−1 + φbt−1) + αεt

bt = φbt−1 + β(`t−1 + φbt−1)εt

ŷt+1|t = E[(`t + φbt)(1 + εt+1) | yt] = `t + φbt

et+1|t = yt+1 − ŷt+1|t = (`t + φbt)εt

V(et+1|t) = (`t + φbt)
2σ2

ŷt+2|t = E[(`t+1 + φbt+1)(1 + εt+2) | yt]
= E {[(`t + φbt)(1 + αεt+2) + φ(φbt + β(`t + φbt)εt+1)(1 + εt+2)] | yt}
= E

{[
`t + αεt+1 + φbt + φαbtεt+1 + φ2bt + φ2btεt+2 + β`tεt+1 + β`tεt+1εt+2 + βφbtεt+1εt+2

]
| yt
}

= `t + φbt + φ2bt = `t + φb(1 + φ)

et+2|t = yt+2 − ŷt+2|t = α`tεt+1 + φαbtεt+1 + φ2btεt+2 + β`tεt+1 + β`tεt+1εt+2 + βbtεt+1εt+2 =

= (α`t + φαbt + β`t)εt+1 + φ2btεt+2 + (β`t + βφbt)εt+1εt+2

V(et+2|t) = (α`t + φαbt + β`t)
2σ2 + φ4b2tσ

2 + (β`t + βφbt)
2σ2σ2

= [(α`t + φαbt + β`t)
2 + φ4b2t + (β`t + βφbt)

2σ2]σ2

Exercise 4.6

The ETS(M,A,N) model is given by

yt = (`t−1 + bt−1)(1 + εt)

`t = (`t−1 + bt−1)(1 + αεt)

bt = bt−1 + β(`t−1 + bt−1)εt

xt =
[
`t, bt

]′
, w(xt−1) = `t−1 + bt−1, r(xt−1) = `t−1 + bt−1,
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f(xt−1) = [`t−1 + bt−1, bt−1]′, g(xt−1) = [α(`t−1 + bt−1), β(`t−1 + bt−1)]′, and

D = f(xt)− g(xt)w(xt)/r(xt)

=

[
`t + bt
bt

]
−
[
α(`t + bt)
β(`t + bt)

]
=

[
(`t + bt)− α(`t + bt)

bt − β(`t + bt)

]
=

[
(1− α)(`t + bt)
−β`t + (1− β)bt

]
=

[
(1− α) (1− α)
−β (1− β)

] [
`t−1
bt−1

]

Eigenvalues

D − Iλ =

[
(1− α) (1− α)
−β (1− β)

]
−
[
λ 0
0 λ

]
=

[
(1− α)− λ (1− α)
−β (1− β)− λ

]
= [(1− α)− λ][1− β − λ] + β(1− α) = 0

λ =
1

2

(
2− α− β ±

√
(α+ β)2 + 4β)

)
So |λ| < 1 iff α > 0 and 0 < β < 4− 2α.

Exercise 4.7

require(expsmooth)

plot(djiclose)

x <- window(djiclose[,"close"],start=1980)

fit <- forecast(ets(x,"MAN"),h=50)

fit2 <- rwf(x,drift=TRUE,h=50)

par(mfrow=c(2,2))

plot(fit)

plot(fit2)

plot(residuals(fit))

plot(residuals(fit2))

The plot shows that the random walk with drift model has much smaller forecast intervals. It has under-
estimated the forecast variance because of the heterogeneous residual.
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