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Exercise 4.1

Additive Model ETS(A,N,N)

Yt = Ti—1+ &
Ty = Ty—1 + Q&g

Therefore

V(yr | o) = V(zo + €1 | 20) = 03

)=

V(yz | x0) = V(z1 + €2 | 20) = V(2o + ac1 + €2 | 20)
= a0l +oh = (1+a%)0}

V(ys | 20) = V(22 + €3 | 20) = V(21 + ez + €3 | 7o)
= V(zg + aey + ags + €3 | x0)
=a?0% + 20} + 0% = (14 2a%)0%

V(ys | 20) = V(zs_1 +e¢ | 20) = [1 + (t — 1)a?]o}
Multiplicative Model ETS(M,N,N)

Y = 21 (1 + &)
x = xp—1(1 + aey)

V(y1 | zo) = V[zo(1 +€1) | o]

_ .22
= To0pm

V(yz | o) = V[z1(1 4 €2) | xo]
= V[Io(l +Oé€1)(1 +€2) | Io}
= zg(a’oy + UM + a’oy0h) = zglePod (1 + o3y) + 03]

= 231+ a?oiy) (1 + 03y) — 1]

V(ys | wo) = V([z2(1 +£3) | 20]

[1(1 + aez)(1 +e3) | zo]

[20(1 4+ ae1)(1 + ag2)(1 + £3) | o]

)V(aal + agg + €3 + acie3 + agoez + aleies + aerenes + 1)

a?o? + o 0' —|—UM—|—a UMUM—i-a UMGM—l—oz UMUNI+()[ UMJMGM]
(14 0?)(1 4+ a?03))]

V(ye | wo) = 2§ [(1+07) (1 + a®03,)" ™" — 1]



Exercise 4.2

ETS(A,M,M)

In vector form:

£ l_1biq
by bi—1
St St—m
St—1 - St—1
| St—m+1 | | St—m~+1 |
or
where

4

bt

St
St—1

| St—m+1 |

w(xi—1) = (be—1bt—15¢—m)

Ye = Le_1bi_18¢m + &4

by =Ll 1bp1 + aer/St—m
by = b1+ Be/(st—mli—1)
8¢ = Sg—m + vt/ (li—1bi—1)

afSt—m

0

g(ri—1) =

and

Thus the recursive relationships are given by:

B/ (st—mli—1)
v/ (br—1bi—1)

a/si—m
B/(St—mli—1)
v/ (br—1be—1)

(le—1bs—1S¢—m) + 0 Yts
- . 0 -
w(@i—1)| | g@e-1)
+ )
(@) | " )’
a/St—m [0, —1b4—1]
5/(St7m€t71) be_1
’V/(thlbtfl) St—m
0 f(xtfl) = St—1
0 | St—m+1 |
r(ri—q1) =1

by =Ly _1bg1 —aly_1by_1 + s /ys
=(1—a)ly_1bi_1 + asi—m/ye

by = b1 — Bbe—1 + BYi/(5t—mli—1)
=b1 — P11+ (B/a) [l — (1 — a)ly_1bs—1] [l
=0bi1— Bbi_1+ (B/a) [l — l—1bt—1 + aly_1by 1] [l 1
=bi—1 — Bbi_1 + (B/a) +Le/li—1 + (B/a)bi—1 + Bbs 1
= (Bla)le/li—1 + (1 = B/a)bi

8¢ = St—m — VSt—m + VYt /(li—1bi—1)
= (1 = 7)st—m + 7Yt/ (le—1bt—1).

ETS(A,Md,M)

Yo = le1b]_ St + e

le = beab]_y + aer/se-m
b = bffl + Bet/(st—mli-1)
St = St—m +vet/(li—1b]_;)



In vector form:

[ Kt i _ét—lbf_l_ i Oé/St,m T [ Oé/St,m
be by, B/(st—mli-1) B/ (st—mlt—1)
St St—m 7/(ft,1bf_1) & 7/(615*11)?—1)
St—1 - St—1 o 0 (Ce—1by_1St—m) + 0 Yt,
[ St—m+1] L St—m-+1 | L 0 ] L 0 J
or
xy = | f(2i1) *g(xt—l)w Te-) +9 xt*l)yt
r(xi_1) r(ze_1)”"
where
i Zt i i Oé/St_m i —ét_lbf_l_
by B/(8t—mli—1) bf_l
St 7/(@711%71) St—m
Ty = S¢—1 g(ziq) = 0 flzi—y) = Si_1
_st*mJFl_ L 0 J L St—m~+1 |
w(xt_l) = (ét—lbf_ltst—m) and ’I"(.Z‘t_l) =1.

Thus the recursive relationships are given by:

b=l b0 | —aly 1 b? |+ ase_m/y
= (1= a)l1b{_| + ase—m/y;

b= b7y = Bb_y + Bt/ (s1-mli1)
= by = By + (B/a) [0~ (1 = a)tiab, | /00
= by = BBy + (B/0) [t — by + b iy | b
=07 = Bb] 4+ (B/a) + Lefli—1 + (B/a)b{_y + Bb],
= (B/a)ty/l—1 + (1 — B/a)b]_,

St = St—m — VSt—m + 7yt/(€t—1bf—1)
= (1= )stom + e/ (be-1b{ ).

Exercise 4.3

ETS(M,M,M)

Y = (L—1be—15t—m)(1 + &)
ly = (bi—1be—1)(1 + aey)

by = b1 (1 + Bey)

St = St—m(1 + ~yer)

In vector form:

4 _gt—lbt—l_ _a(gt—lbt—l)_ _ a/st—m i
b be_1 ﬂbtq 5/(St7m€t71)
St St—m VSt—m 7/(&711%71)
sie1 | T | se—1 | T 0 + 0 Yt
| St—m+1] | St—m+1 | i 0 i i 0 ]




or

w(zi—1)| | gl@e—1)
xy = | f(wi—1) —g(x4-1) (@) + r(a:t_l)yt
where

R [l 1by—1] [ —1by—1]

by Bbi—1 be_1

St YSt—m St—m

Ty = St—1 g(zi1) = 0 flreo1) = S¢—1
| St—m+1] . 0 ] | St—m+1 |

w(mt,l) = (gtflbtflstfm) and 7“(37t71) = (gtflbtflstfm)

Thus the recursive relationships are given by:

by =Ly _1by 1 — aly_1bs1 + ayi/St—m
=1 =a)li_1by_1 4+ ayi/st—m

by = b1 — Bbi—1 + Bys/(st—mls—1)
=bi1 — Bbi—1 + (B/a) [l — (1 — a)ly—1bs—1] /i1
=bi—1 — Bb—1 + (B/) [l — by—1by—1 + aly_1bs_1] [y
=b1—Bbr + Bla+ L /b1 + (B/a)bi—1 + Bbi_1
= (B/a)ly/li—1 + (1 = B/a)bi

8t = St—m — VSt—m + VYt /(lt—1bt—1)
= (1= )st—m + 7Yt/ (li—1bt—1)

ETS(M,Md,M)

Yy = (Zt,lbf_lst,m)(l + &)
0= (0 10?1+ cey)

by = b7 (1+ Bey)

St = St—m (1 + ver)

In vector form:

[t ] Tloaby ] Ta(bab? )] [ a/siem
bt bf—l Bb?_l 5/(5t7m£t71)
5t St VSt—m ’7/(€t71bf,1)
St—1 | St—1 o 0 + 0 Yt
[ St—m+1 | Lsi—ma1] L 0 1L 0 |
or
i w(wi-1) g(zi—1)
S A ey Ry
where
[ gt ] _a(gtflbf 1)_ _€t,1bt 1_
be Bbffl bﬁl
5t YSt—m St
T s gle-) =1 o fae) =1 5,
| St—m+1 | i 0 i E——




w(zy_1) = (l1b) 151 m) and Pz 1) = (L_1b 81-m).
Thus the recursive relationships are given by:

b= Lo 1b? | —aly_1b? |+ ayy/se—m
=(1- a)ftqbf,l + ayt/St—m
by =b{ = Bb{_ + Bye/(St—mli-1)
= by — By + (B/a) [t — (1= @)lamaby | /s
= b{_ — Bb{_, + (B/a) Vt —Labl + O‘Kt—lbfq] [l
= 0]y = By + Bla+ /by + (B/a)by_y + Bb],
= (B/a)ty/l—1 + (1 — B/a)b]_,
St = St—m — VSt—m T 'Yyt/(ét—lbf—l)
= (1= )st-m + e/ (le-1b{ )

Exercise 4.4

Local trend model

yr = (b1 + bp—1)(1 + &)
by = (b1 +bi—1)(1 + aey)
be =bi—1 4+ B(l—1 + be—1)er

U1t = E[(6r +be) (1 +441) | be, €] = £y + by
Cri1)t = Yer1 — Yeg1)e = (Lo + be)es
V(et+1|t) = (gt + bt)20'2

Utgot = El(leg1 + beg1) (1 + €42) | b, 4]
=E{[(t + b)) (1 4+ agey2) + (b + Bl + be)ert1) (1 + €r42)] | b, b}
=E{[l; + acrr1 + by + abieryr + by + biepro + Blicirr + Blicir1€ira + Bbierrrerya] | by, €1}
=0+ b+ b =Ly + 2b,

Citalt = Yt+2 — Jigop = Wli€ir1 + b1 + bigrga + Bligrrr + Bligry1€ir2 + Bbigr 18112
= (aly + aby + Bly)erir + b + (Bl + Bbe)ers1€e42

V(eiyoye) = (aly + abs + B0 4 b2o? + (BL; + Bby)*0?a?

= [(aly + aby + L) + b2 + (B, + Bby)* 0?0

Local Level Model with Drift

yr = (L1 +b)(1 + &)
ét = (gt—l + b)(l + OéEt)

Gerrje = B[(l +0) (L +ep41) | ye] = e + b
et1)t = Y1 — Gey1e = (be—1 + b)erta
E[€t+1\t]2 = (€t71 + b)20'2

Urrole = E[(ler1 +0) (1 +ery2) | ye] = E{[(€r +0)(1 + agr1) + b](1 + ery2) | ye}



=E{[(¢:+b)+ (b + b)acry1 + b(1 +et42) | v}
= E[(l; + 2b) + (£ + b)acir1 + (b + 2b)err0 + (U + b)acir16142] = b + 2b
Ct2|t = Yt+2 — §t+2|t
=a(ly +b)eri1 + (b + 2b)eryo + (b + b)aer 16442
Eletroie)® = o® (€ + b)?0” + (€ + 2b)%0° + (4 + b)*a’o?0?
=a?(l; +b)*0*(1 4+ 0?) + (¢; + 2b)*0?

Urra)e = E[(be2 +0) (1 +e143) | m4]
=E{[(¢t41+b)(1 + acey2) + (1 + ee43) | e}
= E{[(€: + 0)(1 + ageq1) + b)(1 + acrya) + b)(1 + rss) | e}
=li+b+b+b=¢+3D

€13t = Yt+3 — Y3t

= (b +b)acii1 + (L +2b)ag 1o + (£ +D)aery16i40 + (£ + 3b)erss

+ (0 + b)aciy1ers + (U + 2b)acyoeiss + (b + b) err180426043

= (b + b)2a?0? 4 (L; + 2b)%a?0? + (L + b)*a*o?0? + (£; + 3b)% 0>

+ (b +b)%a0?0% + (L, + 2b)2a20%0? + (4 + b)? oo’ 0? 0>

= (0; + )% [1 + 2002 + 0] + (0 + 2b)20%a> (1 + 02) + (¢4 + 3b)*0>

E[€t+3\t]2

Exercise 4.5

Damped trend model

Y = (le—1 + bi—1)(1 + &)
by = (by—1 + dbi—1) + ey
by = b1 + B(ls—1 + Pbi_1)er

U1t = E[(6e + obe) (1 4+ €411) | ye] = £ + @by
et = Ytr1 — Uer1e = (be + Pby)ey
Vierrp) = (b + oby)0?

Uegot = El(leg1 + dbsy1) (1 +€142) | 94
=E{[(¢: + ¢be)(1 + acir2) + ¢(dbe + B(Cr + dbe)ert1)(1 + €rq2)] [ ye}
=E{[l + agry1 + @by + dabierir + @by + ¢*bicria + Bliciir + Bligry16sa + Bdbieriiersa] | v}
=Ly + ¢by + $*by = £y + ®b(1 + ¢)

Criolt = Y42 — Jegop = lirg1 + dabieri1 + $biceio + Blicrin + Bligri1ciia + Bbicriicria =
= (aly + paby + Bly)err + O*birya + (Bl + Bdby)ers16142

V(ersor) = (aly + paby + Bly)0? + ¢*bjo” + (Bl + Boby)*0’0”

= [(aly + paby + Bly)* + ¢*b} + (Bly + Boby)’0%]0”

Exercise 4.6

The ETS(M,A,N) model is given by

yr = (bp—1 + bp—1)(1 + &)
b= (b1 + bi—1)(1 + aey)
by = b1+ B(li—1 + bi—1)ey

xy = [l ] w(Ti—1) =Lle—1 + by, r(xi—1) = L1+ b1,



F(@im1) = [l1 + b1, bi1], g(@e—1) = [@(le—1 + bi—1), B(li—1 + bi—1)]',  and

D = f(x) — g(@i)w(x:)/r(z:)
B '€t+bt] { (€t+bt)}

B L bt (gt + bt)
_ (ét-i-bt —Ozft—Fbt
a b — B(ls + by)

(1 a)(l + by) }

=Bl + (1= B)b

_ _(1 —a) (1- a)} Ftl]
| -8 (1=p)] |bi—1

Eigenvalues

| R P R i

—[(1—a)=A[1—B=N+B(1—a)=0
/\—%(2—a—ﬁi\/m>
20

So M| <liffa>0and0< B <4—

Exercise 4.7

require (expsmooth)

plot(djiclose)

x <- window(djiclosel[,"close"],start=1980)
fit <- forecast(ets(x,"MAN") ,h=50)

fit2 <- rwf(x,drift=TRUE,h=50)

par (mfrow=c(2,2))

plot(fit)

plot (£it2)

plot(residuals(fit))

plot(residuals(fit2))

The plot shows that the random walk with drift model has much smaller forecast intervals. It has under-
estimated the forecast variance because of the heterogeneous residual.



