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3.6 Exercises
Exercise 3.1
For the ETS(A,N,N) model,
Yo =1 + &
ét = ét_1 + agy

and @; = l;_1. Therefore w =1, F=1,g=acand D=F —gw' =1— a.

Forecastability
cj=w'Dlg=a(l—a)!
and a; =w' D" ey = (1 — ) 1.
oo
When o = 0, a; = ¢y and ¢; = 0. Therefore ) |¢;| = 0 and tlim a; = £y, and so the process is
=1 —00
forecastable.
When o« = 2, a; = (—l)t_léo which does not converge as t — oo and so the process is not
forecastable.
Stationarity

dt = ’w/Ft_le = f()
ki =w'Fi~'g=aq, j>1,
(oo}
and ko = 1. So for stationarity, we require Y |k;| < oo.
j=0

When a =0, k; =0 for all j > 1 and so the process is stationary.

When a = 2, k; =2 for all j > 1 and so the process is not stationary.



Exercise 3.2

[This question should have read “forecastable” rather than “stable”.]

The local level with drift model is

Yo =Lli_1 + b+
by =b+ Vb1 + ascy.
Variable: z; ; =y, — bt: This can be written in state space form as
21t =01+ b1 — w1 + &4
by =bi1 + 41 + agy
by = by_1

Up = U1 + b1

where byp = b and ug = b. Therefore, @y = (¢;, b, us)’, w = (1,1,-1)", g = (,0,0)’,

1 1 0 l—-a 1—-a «
F=|01 0|, D=F—guw = 0 1 0
0 1 1 0 1 1

(I—a)f (k—1)+(1-a)f 1-01—a)kt
and DF = 0 1 0
0 k 1
Therefore w'D* = [(1 - a)*, (1 - a)*, —(1 - a)k“]/, a; =w' D" lzyg — 0, and ¢; = w' DI lg =
a(l—a)l = If 0 < a < 2, then 372, |¢;] is finite and so z; 4 is forecastable.
Similarly, d; = w'F'"lzg = {y and k; = w'Fi~'g = o for j > 1. So > =0 k| is infinite and z1

is not stationary.

Variable: 23 = y; — y:—1: This can be written in state space form as
zog =Lli—1 — U1 + &y
by =br1 4+ b1 + agy
by = by

up =Lli—1+ e

where by = b. Therefore, x; = (¢4, bs,ut)’, w = (1,0,-1), g = (o, 0,1),

1 1 0 l—-a 1 «
F=[0 1 0| and D=F —gw' = 0 10
1 0 0 0 0 1
Thus
1-a)* 1-(1-a)/a 1-(1-a)
DF = 0 1 0
0 0 1

Therefore w' D* = [(1 —a)k, [1 = (1 —a)F]/a, — (1 - a)k]/, ar = w' D" lxy — by/a, and ¢; =
w'DI7lg = —(1—a)’. So for 0 < o < 2, 3372 |¢] is finite and 2y, is forecastable.

Similarly, d; = w'Flzg = ) — ug and k; = w'Fi~'g =0 for j > 2. So Z;io |k;| is finite and
z1,4+ 1s stationary.



Exercise 3.3

Yo =L + &

=l o+ ag_1+¢g

t—1
=Vly+e + Zaet_j
j=1
Therefore
E(y: | £o) = 4o
and

Var(y; | £o) = 0% + (t — 1)a?0? = [1 + (t — 1)a?]o?.

[Note that the book has a typo here and replaces o? by (3.]

Exercise 3.4
ETS(A,Aq,N)

Yr = Li1 + dby_1 + &4
by =Ly + Pby_1 + gy
by = ¢bs_1 + Pey

Therefore @y = (b;—1,bi—1), wy = (1,9)', F = [(1) z] , g = [g , and

1 oel Ja [1-a ¢(1-a)
D:F_gw:[o QJ‘M Lel=] 5 ¢(1—ﬂ)]'

To find the eigenvalues of D, we must solve:

—a—X  ¢(1l—-a)

1
det(DI)\)det[ 5 o(1— B) — A

1(10&A)(¢(15)>\)+B¢(10¢)0

Therefore
A= Ap(1=5)+ (1 —a)+¢(1 —a) =0,

and

L (1— 6 -8)x V[T=a) + o= PP~ 16— a)
g |




